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Thisis an unfussy account of mathematical 
analysis for first year courses at universities and 
polytechnics that places little reliance on the 
reader's previous mathematical background. 


The concepts involved are profound and subtle 
and their application in particular instances 
requires a mastery of technique which comes 
only with time and experience. It is tempting to 
introduce the concepts at a relatively high level of 
abstraction; it then becomes possible to expose 
the elegance of the underlying theory. But such 
treatments make great demands on a student's 
technical facility. At the other extreme is the 
danger of overwhelming students with technical 
detail. 


Professor Binmore’s approach is to confine 
attention to ‘bread and butter’ analysis on the real 
line and, within this framework, to discuss only 
those technicalities which are immediately 
relevant to the basic concepts, the object being to 
promote confidence and understanding rather 
than awe or mindless computational efficiency. 
Emphasis is placed on the importance of tackling 
problems and the exercises are intended as an 
integral part of the text. Their worked solutions, 
which may be consulted when difficulty arises in 
solving a problem, occupy approximately a third 
of the book. This abundance of exercises and 
solutions makes the text highly suitable for those 
who want to learn the subject on their own as 
well as for those attending formal classes. 
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PREFACE 


This book is intended as an easy and unfussy introduction to mathematical 
analysis. Little formal reliance is made on the reader’s previous mathematical 
background, but those with no training at all in the elementary techniques of 
calculus would do better to turn to some other book. 

An effort has been made to lay bare the bones of the theory by eliminating as 
much unnecessary detail as is feasible. To achieve this end and to ensure that all 
results can be readily illustrated with concrete examples, the book deals only 
with ‘bread and butter’ analysis on the real line, the temptation to discuss gener- 
alisations in more abstract spaces having been reluctantly suppressed. However, 
the need to prepare the way for these generalisations has been kept well in mind. 

It is vital to adopt a systematic approach when studying mathematical analy- 
sis. In particular, one should always be aware at any stage of what may be 
assumed and what has to be proved. Otherwise confusion is inevitable. For this 
reason, the early chapters go rather slowly and contain a considerable amount of 
material with which many readers may already be familiar. To neglect these 
chapters would, however, be unwise. 

The exercises should be regarded as an integral part of the book. There is a 
great deal more to be learned from attempting the exercises than can be obtained 
from a passive reading of the text. This is particularly the case when, as may fre- 
quently happen, the attempt to solve a problem is unsuccessful and it is necess- 
ary to turn to the solutions provided at the end of the book. 

To help those with insufficient time at their disposal to attempt all the exer- 
cises, the less vital exercises have been marked with the symbol 7. (The same 
notation has been used to mark one or two passages in the text which can be 
omitted without great loss at a first reading.) The symbol * has been used to 
mark exercises which are more demanding than most but which are well worth 
attempting. | 

The final few chapters contain very little theory compared with the number 
of exercises set. These exercises are intended to illustrate the power of the tech- 
niques introduced earlier in the book and to provide the opportunity of some re- 
vision of these ideas. 

This book arises from a course of lectures in analysis which is given at the 
London School of Economics. The students who attend this course are mostly 
not specialist mathematicians and there is little uniformity in their previous 
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mathematical training. They are, however, quite well-motivated. The course is ἃ 
‘one unit’ course of approximately forty lectures supplemented by twenty in- 
formal problem classes. I have found it possible to cover the material of this 
book in some thirty lectures. Time is then left for some discussion of point set 
topology in simple spaces. The content of the book provides an ample source of 
examples for this purpose while the more general theorems serve as reinforce- 
ment for the theorems of the text. 

Other teachers may prefer to go through the material of the book at a more 
leisurely pace or else to move on to a different topic. An obvious candidate for 
further discussion is the algebraic foundation of the real number system and the 
proof of the Continuum Property. Other alternatives are partial differentiation, 
the complex number system or even Lebesgue measure on the line. 

I would like to express my gratitude to Elizabeth Boardman and Richard 
Holmes for reading the text for me so carefully. My thanks are also due to 


‘Buffy’ Fennelly for her patience and accuracy in preparing the typescript. Final- 


ly, | would like to mention M.C. Austin and H. Kestelman from whom I learned 
so much of what I know. 


July 1976 | K.G.B. 


| REAL NUMBERS 


1.1 Set notation 

A set is a collection of objects which are called its elements. If x is an 
element of the set δ᾽, we say that x belongs to S and write 

χῈ ἢ. 
If y does not belong to S, we write y Ε 8. 

The simplest way of specifying a set is by listing its elements. We use the 

notation 
A = {4,1,V2,e, πὶ 
to denote the set whose elements are the real numbers $, 1,./2,e and 7. 
Similarly 
B = {Romeo, Juliet} 
denotes the set whose elements are Romeo and Juliet. 

This notation is, of course, no use in specifying a set which has an infinite 
number of elements. Such sets may be specified by naming the property which 
distinguishes elements of the set from objects which are not in the set. For 
example, the notation 

C= {x:x>0} 
(which should be read ‘the set of all x such that x > ΟἿ denotes the set of all 
positive real numbers. Similarly 

D = {y:y loves Romeo} 


denotes the set of all people who love Romeo. 

It is convenient to have a notation for the empty set @. This is the set which 
has no elements. For example, if x denotes a variable which ranges over the set 
of all real numbers, then . 


{x:x*+1=0} = @. 


This is because there are no real numbers x such that x* = —1. 
If S and Τ are two sets, we say that S is a subset of T and write 
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ST 


if every element of S is also an element of T. 


As an example, consider the sets P = {1,2,3,4} and Ὁ = [2, 4}. Then OC P. 


Note that this is not the same thing as writing Q © P, which means that Ὁ is an 
element of P. The elements of Pare simply 1, 2,3 and 4. But ὦ is not one of 
these. 

The sets A, B, C and D given above also provide some examples. We have 
A τ Cand (presumably) BC ἢ. 


12 The set of real numbers 

It will be adequate for these notes to think of the real numbers as being 
points along a straight line which extends indefinitely in both directions. The 
line may then be regarded as an ideal ruler with which we may measure the 
lengths of line segments in Euclidean geometry. 


The set of all real numbers will be denoted by R. The table below distin- 
guishes three important subsets of R. 


Subset Notation Elements 


Natural numbers 
(or whole numbers) δ Ε.9 5 τς 


integers z ᾿Ξ 9012. τοις 


Rational numbers 


(or fractions) Q 0,1,2,—1,4, 7, 3, τοὶ, το νος, 


Not all real numbers are rational. Some examples of irrational numbers are 
/2,e and 7. 

While we do not go back to first principles in these notes, the treatment will 
be rigorous in so far as it goes. It is therefore important to be clear, at every 
Stage, about what our assumptions are. We shall then know what has to be 
proved and what may be taken for granted. Our most vital assumptions are con- 
cerned with the properties of the real number system. The rest of this chapter 
and the following two chapters are consequently devoted to a description of the 
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properties of the real number system which we propose to assume and to some 
of their immediate consequences. 


1.3 Arithmetic 
The first assumption is that the real numbers satisfy all the usual laws 
of addition, subtraction, multiplication and division. 
The rules of arithmetic, of course, include the proviso that division by zero is 
not allowed. Thus, for example, the expression 


2 


0 


makes no sense at all. In particular, it is nof true that 


We shall have a great deal of use for the symbol ©, but it must clearly be 
understood that 99 does not represent a real number. Nor can it be treated as 
such except in very special circumstances. 


1.4 Inequalities 
The next assumptions concern inequalities between real numbers and 
their manipulation. 
We assume that, given any two real numbers ἃ and b, there are three mutually 
exclusive possibilities: 


(i) a>b (ais greater than b) 
(ii) a=b (aequals δ) 
(iiija<b (ais less than b). 


Observe that a <b means the same thing as b >a. We have, for example, the 
following inequalities. 


tee ΟΣ a, Ha τ 5 
There is often some confusion about the statements 
(iv)a=b _ (ais greater than or equal to δ) 
(v) a<b (ais less than or equal to δ]. 
To clear up this confusion, we note that the following are all true statements. 
13Ξ0: 322) 1215 25:3; —i=0; --3:5 --ῦ. 


We assume four basic rules for the maniputation of inequalities. From these 
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the other rules may be deduced. 
(Π Ifa>bandb>c,thena>c. 


—— a ὑπεασονυ 
c ἢ a 
(II) If a > ἢ and ¢ is any real number, then 
gre Se Sc. 


(IID Ifa >b and c > 0, then ac > be (i.e. inequalities can be multiplied 
through by a positive factor). 

(IV) Ifa >b and ec <0, then ac < be (i.e. multiplication by a negative factor 
reverses the inequality). 


1.5 Example If a Ό, prove that a7! >0. 


Proof We argue by contradiction. Suppose that a > Ὁ but that a! <0. 
It cannot be true that α΄ = 0 (since then 0 = 0.a = 1). Hence 


4 «0. 
By rule III we can multiply this inequality through by a (since a > 0). Hence 
hia scetOua = 0. 


But 1 <0 is a contradiction. Therefore the assumption a~' <0 was false. Hence 
0, 


1.6 Example If x and y are positive, then x <p if and only if x? < y?. 


Proof We have to show two things. First, that x < γ implies x* < y?, 
and secondly, that x* < y* implies x < y. 
(i) We begin by assuming that x < y and try to deduce that x* < y?. Multiply 
the inequality x < y through by x > 0 (rule III). We obtain 


x* <= xy. 
Similarly 
xy < y?, 
But now x* < y? follows from rule I. 


(ii) We now assume that x? < y? and try and deduce thatx < y. Adding —x? 
to both sides of x* < y? (rule II), we obtain 


y*—-x? >0 
ice. (y—x)(y +x)>0. (1) 
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Since x ἐν > 0, (x + y)' > 0 (example 1.6). We can therefore multiply 
through inequality (1) by @ +)” to obtain 
prey 
1.6. χΞ γ. 


(Alternatively, we could prove (ii) as follows. Assume that x? < y? but that 
x >y. From x = y it follows (as in (i)) that x? > γῆ, which is a contradiction.) 


1.7 Example Suppose that, for any e>0,a<5 + e. Thena Sd. 
Proof Assume that α >b. Thena —b > 0. But, for any e > 0, 
a<b+e.Hence a <b +e in the particular case when ε = b —a. Thus 
a<b+(a—b) 
andso a<4@. 
This is a contradiction. Hence our assumption a > b must be false. Therefore 
asb. 
(Note: The symbol ¢ in this example is the Greek letter epsilon. It should be 
carefully distinguished from the “belongs to’ symbol € and also from the symbol 
£ which is the Greek letter xi.) 


18 Exercise 


(1) Ifx is any real number, prove that x* >0.1IfO<a<1andb>1, 
prove that 


(i)0<a*<a<l (ii)b*? >b>1. 
(2) Ifb >O and B> Ὁ and 


Sa 

ae” B* 

prove that aB < bA. Deduce that 
4 784 A 

b b+B B 


(3) Ifa>b andc >d, prove thata +c >b +d (1.6. inequalities can be 
added). If, also, b Ὁ and d > 0, prove that ac > bd (i.e. inequalities 
between positive numbers can be multiplied). 

(4) Show that each of the following inequalities may fail to hold even 
though a >bandc>d. 


Gja-c>h-d 
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ᾶ. ἢ 
aes Ὁ 
()- 7 


(iii) ac > bd. 


What happens if we impose the extra condition that b > Ὁ andd > 0? 
(5) Suppose that, for any e>0,a—e<b<a+te. Prove thata=b. 4 
(6) Suppose that ἃ < b. Show that there exists a real number x satisfying 

a<x<b. 


1.9 Roots 
Let nm be a natural number. The reader will be familiar with the notation 
y =x". For example, x” =x.x andx° =x.x.x. 
Our next assumption about the real number system is the following. Given 
any y = 0 there is exactly one value of x 2 Ὁ such that 


y= x". 


(Later on we shall see how this property may be deduced from the theory of 
continuous functions.) | 

If y > 0, the value of x => 0 which satisfies the equation y = x” is called the 
nth root of ν and is denoted by 


x = gee 
When 7 = 2, we also use the notation «/y = ν᾿ “ὦ. Note that, with this con- 
vention, it is always true that ./y > 0. If y > 0, there are, of course, two num- 
bers whose square is y. The positive one is \/y and the negative one is —+/y. . 
The notation ++/y means “/y or —+/y’. | 
If r = m/n is a positive rational number and y 2 Ὁ, we define 


yr _ (yoy 


If ris a negative rational, then —,r is a positive rational and hence y " is defined. 
If vy > 0 we can therefore define γῇ by 


We also write νῦ = 1. With these conventions it follows that, if y >0, then γ᾽ 
is defined for all rational numbers r. (The definition of y* when x is an irrational 
real number must wait until a later chapter.) 


1.10 Quadratic equations 


If y > 0, the equation x* = y has two solutions. We denote the positive 
solution by \/y. The negative solution is therefore —/y. We note again that 
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there is no ambiguity about these symbols and that + /y simply means ‘\/y or 


—vVy’. 
The general quadratic equation has the form 


ax? +bx +c = 0 

where a τὸ Ὁ. Multiply through by 4a. We obtain 
4a*x* + 4dabx + 4ac = 0 
(2ax +b)? —b* +4ac = 0 
Qac+byY = b* —4ae. 


It follows that the quadratic equation has no real solutions if b* -- 4ας <0, 
one real solution if b? —4ac = 0 and two real solutions if b* — 4ac > 0. If 
b*? —4ac 20, 


Qax+b = +/(b* —4ac) 
we = OPO’ 4a), 
id 2a 


The roots of the equation ax* + bx +c = Ὁ are therefore 
—b—V/(b*? —4ac --ΡΈ ν (03 —4a0) 
2a 2a 
It is a simple matter_to check that, for all values of x, 
ax* + bx +e = a(x —a)(x -- β). 


With the help of this formula, we can sketch the graph of the equation 
yp=ax*+bxtc. 


Ἵν = ax? t+hxte 
y =ax?+bx+e 


1.1] Example A nice application of the work on quadratic equations 
described above is the proof of the important Cauchy—Schwarz inequality . This 
asserts that, ifa,,@2,...,@, and b,,b,,...,b, are any real numbers, then 


(a,b; Ἔ 1}. Ἕ.. + anh, <= (αἴ + a3 +...ta2)(b? +53 τὶ, + 53}. 
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Proof For any x, 

0 < (a,x + δι)" + (9x + δ.) +...+ (a,x +b,)/ 

(αἴ + ...+a2)x? + 2(a,b, +...+a,b,)x + (67 +...+52) 
Ax* + 2Bx + C. 


| 


Since vy = Ax? + 2Bx + C= 0 for all values of x, it follows that the equation 
Ax* + 2Bx + C=0 cannot have two (distinct) roots. Hence 


(2B)? —4AC <0 
ic. B<AC 


which is what we had to prove. 


1.12 Exercise 


(1) Suppose that ἢ is an even natural number. Prove that the equation 
x" = y has no solutions if y <0, one solution if y = 0 and two 
solutions if y > 0. 

Suppose that ἢ is an odd natural number. Prove that the equation 
x" = y always has one and only one solution. 
Draw graphs of y = x? and ν = χ to illustrate these results. 
(2) Simplify the following expressions: 


(i) 82. (ii). 27°** (1) 32°". 


(3) If »y >0,z>0 andr ands are any rational numbers, prove the follow- 

ing: 
(i) ἘΠῚ = y'y?® (ii) γὴν — (yf (iii) (yz) =y'2", 

(4) Suppose that α > 0 and that α and β are the roots of the quadratic 
equation ax* + bx +c = 0 (in which b? — 4ac > 0). Prove that 
y =ax* + bx + ¢ is negative when a < x < Band positive when x <a 
or x > β. Show also (without the use of calculus) that y = ax? + bx +c 
achieves a minimum value of ὁ — b?/4a when x = — b/2a. 

(5) Let a@;,a2,...,a, be positive real numbers. Their arithmetic mean A,, 
and harmonic mean H,, are defined by 


+a, + | af : 
dy = 8 ΞΘ, tte ait = δέει ἢ) 


Deduce from the Cauchy—Schwarz inequality that H, <A,. 
(6) Leta,,a2,...,a,andb,,b2,...,b, be any real numbers. Prove 
Minkowski’s inequality, i.e. 
1/2 
δ 


Η͂ 1/2 nl 1/2 n 
Σ (a), + bo < Σ af + Σ 
k=1 | =] k=] 
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For the case ἢ = 2 (οἵ ἢ = 3) this inequality amounts to the assertion 
that the length of one side of a triangle is less than or equal to the sum 
of the lengths of the other two sides. Explain this. 


1.13 Irrational numbers 


In § 1.2 we mentioned the existence of irrational real numbers. That 
such numbers exist is by no means obvious. For example, one may imagine the 
process of marking all the rational numbers on a straight line. First one would 
mark the integers. Then one would move on to the multiples of ξ and then to 
the multiples of 4 and so on. Assuming that this program could ever be com- 
pleted, one might very well be forgiven for supposing that there would be no 
room left for any more points on the line. 


But our assumption about the existence of nth roots renders this view unten- 
able. This assumption requires us to accept the existence of a positive real num- 
ber x (namely ./2) which satisfies χ = 2. If x were a rational number it would 
be expressible in the form 


where 77 and ἢ are natural numbers with no common divisor (other than 1). It 
follows that 


m* = 2n? 


and so m” is even. This implies that m is even. (If m were odd, we should have 
m = 2k + 1. But then m* = 4k* + 4k + 1 which is odd.) We may therefore write 
m = 2k. Hence 


4h = on 
n° = 2k*. 


Thus Ἢ is even. We have therefore shown that both m and v are divisible by 2. 
This is a contradiction and it follows that x cannot be rational, i.e. \/2 must be 
an irrational real number. 

Of course, 2 is not the only irrational number and the ability to extract nth 
roots allows us to construct many others. But it should not be supposed that all 
irrational numbers can be obtained in this way. It is not even true that every 
irrational number is a root of an equation of the form 
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Ao + a,X + agx* +...+a,x" = 0 


in which the coefficients aj, @1,...,@, are rational numbers. Real numbers 
which are not the roots of such an equation are called transcendental, notable 


examples being e and π. This fascinating topic, however, lies outside the scope 


of this book. 


1.14 Modulus 
Suppose that x is a real number. Its modulus (or absolute value) |x| is 
defined by 


Thus [3] = 3, |—6| = 6 and [0] = 0. Obviously |x| 2 Ὁ for all values of x. 
[τ is sometimes useful to note that |x| = </x?. 
1.15 Theorem For any real number x, 
—|x| <x S |x|. 
Proof Either x = 0 or x <0. In the first case, —|x| Ξ Ὁ <x = |x|. In 
the second case, —|x|=x <0< |x|. 
1.16 Theorem For any real numbers a and b 
lab| = |a|.{b| 
Proof The most elegant proof is the following. 
lab] = V/((ab)?) = V(@*b*) = V@’). VO’) = lal. 8]. 

The next theorem is of great importance and is usually called the triangle 
inequality. This nomenclature may be justified by observing that the theorem 
is the special case of Minkowski’s inequality (exercise 1.12(6)) with nm = 1. We 
give a separate proof. 

1.11 Theorem (triangle inequality) For any real numbers a and b, 
la t+ b| S |a|+ [δ]. 
Proof We have 
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la+b? = @+b)? = a? +2ab+b? 
= |a|* + 2ab + |b/? 
< |a|* +2\|ab|+|b|*? (theorem 1.15) 
= [12 +2\al|.|b| + |b|? (theorem 1.16) 
= ([α] + |b|)?. 
It follows (from example 1.6) that 
lat+b| S |a|+ Al. 


1.18 Theorem For any real numbers ¢ and d, 

lc—d| 2 |e|—ldl. 

Proof Take a=d and b =c —d in the triangle inequality. Then 
a+b =c and so 


lc| = ja+b| S la|+ [δ] = |d| + le —dl. 


1.19 Example 
(ἢ 2=|-1+3/<|[—-1|+ [3] =1+3 =4. 
Gi) 7 = 16 -- (--1}} [6] -- [--11Ξ6 --ὶ Ξ5. 


1.20 Exercise 


(1) Prove that |a| « "ἢ if and only if -b<a<b. 
[Recall that you have two things to prove as in example 1.6.| 

(2) Prove that 
lc —d| 2 |le|—Idll. 

(3) The distance d(x, y) between two real numbers x and y is defined by 
d(x, y) = |x —y|. Show that, for any x, y and z, 
(i) d(x,v)20 (iii) d(x, y) = Oif and only if x =y 
(ii) d&, y) = d(y,x) (iv) d(x, ¥) <d(x,z) + d(z,y). 

(4) Ifr ands are rational numbers, prove that 

r+s/2 


is irrational unless. s = Ὁ. 
i (5) Suppose that the coefficients a#0,b and c of the quadratic equation 


ax? +bhx+ce=0 


are all rational numbers and that α =r + s/2 is a root of this equation, 
where r and s are also rational numbers. Prove that 6 =r -- ιν 2 is also a 
root. 

Τ (6) Prove that 312 and 2" are irrational numbers. 


Z CONTINUUM PROPERTY | 


2.1 Achilles and the tortoise 

The following is one of the famous paradoxes of Zeno. Achilles is to 
race a tortoise. Since Achilles runs faster than the tortoise, the tortoise is given a 
start of X9 feet. When Achilles reaches the point where the tortoise started, the 
tortoise will have advanced a bit, say x, feet. Achilles soon reaches the tortoise’s 
new position, but, by then, the tortoise will have advanced a little bit more, say 
x feet. This argument may be continued indefinitely and so Achilles can never 
catch the tortoise. 


The simplest way to resolve this paradox is to say that Achilles catches the 
tortoise after he has run a distance of x feet, where x is ‘the smallest real number 
larger than all of the numbers Χο. Xp + X1, Xo + X1X2,...’. Zeno’s argument 
then simply reduces to subdividing a line segment of length x into an infinite 
number of smaller line segments of respective lengths x9, %,,%2,... 


Eo πε Ὁ τπτςτ -- ος--- 


Formulated in this way, the paradox loses its sting. 

This solution, of course, depends very strongly on the existence of the real 
number x, i.e. the smallest real number larger than all of the numbers Xo, 
Δ My. Say eRe a ec 
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A similar lesson is to be learned from Archimedes’ method of exhaustion. 
This was invented by Archimedes as a means of evaluating the area of regions 
with curved boundaries. 

In the case of a circle, the method involves inscribing a sequence of larger 
and larger regular polygons inside the circle and then calculating their areas 
Aj, Ax, Aa, see 


The area A of the circle is then identified with the ‘smallest real number 
larger than each of the numbers A,, Az, A3,...’. By taking the radius of the 
circle to be 1 and calculating the value of A, for a large enough value of n, 
Archimedes was able to obtain as close an approximation to 7 as he chose. 

Note that this method again depends strongly on the existence of a smallest 
real number larger than all of the real numbers A;, A2, A3,... 


oie The Continuum Property 
The discussion of the previous section indicates the necessity of making 

a further assumption about the real number system. It would, after all, be most 
unsatisfactory if Achilles never caught the tortoise or if a circle had no area. We 
shall call our new assumption the Continuum Property of the real numbers. 

The Continuum Property is not usually mentioned explicitly in a school 
algebra course, but it is very important for what follows in these notes. The rest 
of this chapter is therefore devoted to its consideration. We begin with some 
terminology. 

A set S of real numbers is bounded above if there exists a real number H 
which is greater than or equal to every element of the set, i.e. if, for some ἢ, 


ff 


᾿ 
MN 
Ἂν 


for δὴν x Ε 5. 
The number Η (if such a number exists) is called an upper bound of the set ὁ. 
A set S of real numbers is bounded below if there exists a real number A 
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which is less than or equal to every element of the set, i.e. if, for some h, 


: 


for anyx € S. 
The number ἢ (if such a number exists) is called a lower bound of the set S. 
A set which is both bounded above and bounded below is just said to be 
bounded. 


2.35 Proposition A set S of real numbers is bounded if and only if there 
exists a real number Καὶ such that 


Ix| Ξ Καὶ 
for any x © S. (This is easily proved with the help of exercise 1.20(1).) 


2.4 Examples 


(i) The set {1, 2, 3} is bounded above. Some upper bounds are 100, 10, 
4 and 3. The set is also bounded below. Some lower bounds are —27, Ὁ and |. 

(ii) The set {x : 1 <x < 2} is bounded above. Some upper bounds are 100, 
10,4 and 2. The set is also bounded below. Some lower bounds are — 27, 0 and 
l. 

(iii) The set {x : x > 0} is unbounded above. If H > 0 is proposed as an upper 
bound, one has only to point to H + 1 to obtain an element of the set larger 
than the supposed upper bound. However, the set {x : x > 0} is bounded below. 
Some lower bounds are — 27 and 0. 


We now state the Continuum Property which will be fundamental for the 
remainder of these notes. 


Continuum Property 
Every non-empty set of real numbers which is bounded above has a 


smallest upper bound. Every non-empty set of real numbers which is 
bounded below has a largest lower bound. 


Thus, if S is a non-empty set which is bounded above, then S has an upper 
bound 8 such that, given any other upper bound Η of S, 
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Bed. 


Similarly , if S is a non-empty set which is bounded below, then S has a lower 
bound b such that, given any other lower bound ἡ, 


i b 


4 


Bie Examples 
(i) The smallest upper bound of the set {1, 2, 3} is 3. The largest lower 
bound of the set {1, 2, 3} is 1. 
(ii) The smallest upper bound of the set {x : 1 <x <2} is 2. The largest lower 
bound is 1. 
(iii) The set {x : x > 0} has no upper bounds at all. The largest lower bound 
of the set {x :x > O}is 0. 


2.6 Supremum and infimum 


If anon-empty set S is bounded above, then, by the Continuum 
Property, it has a smallest upper bound B. This smallest upper bound B is some- 
times called the supremum of the set S. We write B = sup S or 


B = sup x. 
ΦΈΞΗ 


Similarly, a set which is bounded below has a largest lower bound b. We call 
b the infimum of the set S and write b = inf S$ or 


ὃ πὸ it yx: 
xES 


Sometimes you may encounter the notation sup S = + °°. This simply means 


that S is unbounded above. Similarly, inf S =— οὐ means that S is unbounded 
below. 
2.7 Maximum and minimum 


If a set S has a largest element M, we call M the maximum of the set ὁ 
and write MW = max S. If S has a smallest element mm, we call m the minimum of 
S and write m = min S. 
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It is fairly obvious that, if a set S has a maximum ἢ, then it is bounded above 
and its smallest upper bound is 7. Thus, in this case, sup S = max S, 

A common error is to suppose that the smallest upper bound of a set S is 
always the maximum of the set. However, some sets which are bounded above 
(and hence have a smallest upper bound) do not have a maximum. (See example 
2.8(ii).) 

Similar remarks, of course, apply to largest lower bounds and minima of sets. 


2.8 Examples 
(i) The set {1, 2,3} has a maximum 3 and this is equal to its smallest 
upper bound. The set {1, 2,3} has minimum 1 and this is equal to its largest 
lower bound. 
(ii) The set {x : 1 <x < 2} has no maximum. The number 2 cannot be the 
largest element of the set because it does not belong to the set. On the other 
hand, any x in the set satisfies 1 < x < 2. But then 


_xt2 
͵ 2 


is an element of the set which is larger than x. Hence x cannot be the largest 
element of the set. However, {x : 1 <x < 2} has smallest upper bound 2. 

The set {x :1 <x <2}has minimum 1 (why?). This is equal to its largest 
lower bound. 

(iii) The set {x : x > 0} has no maximum, nor does it have any upper bounds. 
The set {x : x > 0} has no minimum (why not?). Its largest lower bound is 0. 


29 Intervals 


An interval 1 is a set of real numbers with the property that, ἔχ € J 
and y € Jandx <z <y, then z € J, i.e. if two numbers belong to J, then so does 
every number between them. 

In describing intervals we use the following notation: 


(a,b) = {x:a<x<b} 
la,b] = {x:a<x<b} 
(a,b) = {x:a<x<b} 
(a,b) = {x:a<x<b}. 
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These are the bounded intervals (classified by whether or not they have a 


maximum and whether or not they have a minimum). We also need to consider 
the unbounded intervals. For these we use the notation below. 


(α, 99) = {x:x >a} 


[a,~) = {x:x 2a} , @) 
(—-,b) = {x:x<b} Ζφκξρρ.-.-.---- 
(--οὐ,.}}] = {x:x <b} (- 99, b) 


(Do not be misled by this notation into supposing that °° or — °° are real num- 
bers or that they can be treated as such.) 

All intervals (with the exception of the empty set and the set of all real 
numbers) fall into one of the categories described above. We call the intervals 
(a,b), (a, 99) and (— °%, b) open and the intervals [a, b], [a,~) and (—~, db] 
closed. (The intervals [a, b) and (b, a] are sometimes called half-open.) 

Of particular importance are the closed, bounded intervals [α, Ὁ]. We shall 
call such an interval compact. 


2.10 Fxercise 
(1) Which of the following statements are true? 
(i) 3 EC, 2) (ii) 2 €(— ©, 3] (iii) 1 € [1, 2) 
(iv) 2 € (0, 2) (v)3 € [1,3]. 
(2) If €is a real number and 6 > 0, prove that 


{x :18 τα] δ} = (ξ --δ,ξ + δ). 


(3) Decide in each of the following cases whether or not the given set is 
bounded above. For those sets which are bounded above, write down 
three different upper bounds including the smallest upper bound. 
Decide which of the sets have a maximum and, where this exists, write 
down its value. 

(i) (0, 1) (ii) (- =, 2] 
(iv) (3,99) (v) [0,1]. 

(4) Repeat the above question but with the words ‘above, upper and maxi- 
mum’ replaced by ‘below, lower and minimum’. 

(5) Give an example of a set which has smallest upper bound 4 but contains 
no element x satisfying 3< x <4. 

(6) Show that, given any element x of the set (0, 99), there is another 
element y € (0, ©) with the property that y < x. Deduce that (0, 99) 
has no minimum. | 


= ——————— nn 


(iit) <—1, 0, 2, 5} 
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2.11 Manipulations with sup and inf 

We prove one result and list some others as exercises. 
2.12 Theorem Suppose that (δ is a non-empty set of real numbers which is 
bounded above and — > 0. Then 


sup ἔχ = & sup x. 
xEs xES 


Proof Let B=sup S. Then B is the smallest number such that, for any 


me S, 
χ ΞΞ Β. 
Let T= {ἔχ : x Ὲ S}. Since — >0, 
Ex SEB 


for any x Ξ S. Hence T is bounded above by £8. By the Continuum Property, 
T has a smallest upper bound (or supremum) C. We have to prove that C = EB. 
Since €B is an upper bound for T and C is the smallest upper bound for T, 


CS éB. 


Now repeat the argument with the roles of S and T reversed. We know that C 
is the smallest number such that, for any y € T, 


ysc. 
Since & > 0, it follows that 
Ely <E'C 


for any y €T. But S = {ξ ἦγ ἵν Ὲ T}. Hence £7! Cis an upper bound for S. But 
B is the smallest upper bound for S. Thus 


ΞΟ 
EB<C. 
We have shown that C < £B and also that £B <C. Hence £B = C. 


2.13 Exercise 
(1) Suppose that S is bounded above and that Sg C S. Prove that 
sup Sg Ssup 5. 
(2) Suppose that S is bounded above and that £ is any real number. Prove 
that 


sup (x + ξ) = sup x +, 
xES x=S 


(3) 


(4) 


(5) 


“ (6) 
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Suppose that S is bounded above. Prove that 


inf (—x) = — sup x. 
xES xES 
Hence obtain analogies of theorem 2.12 and exercises 2.13(1 and 2) in 
which inf replaces sup. 

The distance d(£, S) between a real number and a non-empty set S of 
real numbers is defined by 


d(é,S) = inf |&—~x| 
xes 


(see exercise 1.20(3)). Find the distance between the real number ὃ = 3 
and the sets 
(i) 5 = {0, 1, 2} (ii) S = (0, 1) 

(iii) S = [1, 2] (iv) S ΞΞ (2, 3). 

(i) If &€S, prove that d(é, 5} = 0. Give an example of a real num- 
ber £ and a non-empty set δ for which α(ξ, S) = 0 but &¢ S. 

(ii) If S is bounded above and ἕ = sup S, prove that d(é, 5) = 0. 
Deduce that the same is true if S is bounded below and ἕ = inf S. 

* (iii) If J is a closed interval, prove that d(~, 1) = 0 implies that ξ € /. 
If J is an open interval (other than R or @), show that a ἕ ¢J can 
always be found for which d(é, J) = 0. 

Suppose that every element of an interval J belongs to one or the other 

of two non-empty subsets S and T. Show that one of the two sets S or 

T contains an element at zero distance from the other. (Do not assume 

that S and T are necessarily intervals. The set S, for example, could 

consist of all rational numbers in / and the set T of all irrational num- 

bers in J.) 

[Hint: Suppose that s<f, wheres © δ᾽ ἀπ ΓΕ 7. Let Τὸ = χε 

and x >s}. Show that Ty # @ and is bounded below. Write b = inf ΤῸ 

and consider the two cases b € T and b € T.] 
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3.1 Introduction 

In this chapter we explore some implications of the Continuum 
Property for sets of natural numbers. As always, arithmetical properties are 
taken for granted. But where a proof hinges on such a property, the property 
will be explicitly stated. 


3.2 Archimedean property 
The Archimedean property is the assertion of the following theorem. 


as Be Theorem The set N of natural numbers is unbounded above. 


Proof For this proof we need to assume that, if 7 is a natural number, 
then so ism + 1. 

Suppose that the theorem is false. Then N is bounded above. By the Con- 
tinuum Property it therefore has a smallest upper bound Β. Since B is the 
smallest upper bound for N, B — 1 is not an upper bound for δ. Thus, for some 
nen, 


ἢ. 8 --] 
11.» 8. 


But then Η + 1 is an element of the set N which is greater than A. But Β is an 
upper bound of the set N. This is a contradiction. 
Hence N is unbounded above. 


3.4 Example Prove that the set 
S = {n"':n EN} 
is bounded below with largest lower bound 0. 


Proof Since the natural numbers are all positive, 


0 ἘΞ | 


vse 
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for all η Ἑ N. Hence the set S is bounded below by 0. We have to prove that 0 is 
the /argest lower bound. , 
Suppose that A > 0 is a lower bound for S. Then, for eachn EN, 


ni>Sh. 
Hence, for eachn EN, 
n=h". 


But then A“ is an upper bound for the set N which we know is unbounded 
above. It follows from this contradiction that no h > 0 can be a lower bound for 
S. Thus 0 is the largest lower bound for S. 

Note that 0 ¢.$ and hence S has no minimum. 


3.5 Theorem Every set of natural numbers which is not empty has a mini- 
mum, 


Proof For this proof we need to assume that the distance between 
distinct natural numbers is at least 1. 

Let S be a non-einpty set of natural numbers. Given that all natural numbers 
are positive, 0 is a lower bound for S. By the Continuum Property, it follows 
that S has a largest lower bound ῥ. Since b is the /argest lower bound, b + | is 
not a lower bound. Therefore, for some ἡ € S, 


ἩΦΡΈΊ. 


If n is the minimum of S, there is nothing to prove. If not, then, for some 
m€S,m<_n. We obtain the inequality 


bsm<n<bhbt+i1 


from which follows the contradiction 0 < n—m< 1. 


3.6 Exercise 
(1) Prove that the set 


pat 
Sh a μεν 
Fl 


is bounded above with smallest upper bound 1. Does S have a maxi- 
mum? 
(2) Let X > 1. Prove that the set 


S = {X": nh} 


is unbounded above. [Hint: if B were the smallest upper bound, then 
ΒΧ could not be an upper bound.] Show that, 10 <x <1, then the 


i ale Natural numbers 


set 
<3) ΠΕΝ); 


is bounded below with largest lower bound 0. 

(3) Prove that any non-empty set of integers which is bounded above has a 
maximum and that any non-empty set of integers which is bounded 
below has a minimum. 

(4) Let a <b. Prove that there exists a rational number r satisfying 
a<r<b. [Hint: justify the existence of a natural number ἡ satisfying 
n >(b —a)' and consider the rational number r = m/n where m is the 
smallest integer satisfying m > an.| 

(5) Let S be the set of all rational numbers r which satisfy O< r< 1. Show 
that S has no maximum and no minimum. Prove that δ᾽ is bounded and 
has largest lower bound Ὁ and smallest upper bound 1. [Hint: for the 
last part, use the previous question. ] 

(6) Let a<b. Prove that there exists an irrational number & satisfying 
a<&< b. [Hint: exercise 1.20(4).] 


3.7 Principle of induction 


Suppose that a line of dominoes is arranged so that, if the nth one falls, 
it will knock over the (n + 1)th. If the first domino is pushed over, most people 
would agree that al/ the dominoes would then fall down. 

The principle of induction is an idealisation of this simple notion. We show 
below how it may be deduced from theorem 3.5. 


3:8 Theorem (principle of induction) 


Suppose that, for each nm GN, P(m) is a statement about the natural 
number ἢ. Suppose also that 
(i) P(1) is true 
(ii) if P(7) is true, then P(n + 1) is true. 
Then P(n) is true for every n EN, 


Proof For this proof we need to assume that, if n is a natural number 
other than 1, then nm — 1 is a natural number as well. 

Let S = {n : P(n) is false}. We want to prove that S is empty. Suppose that S$ 
is not empty. Then from theorem 3.5 it follows that S has a minimum m. Since 
P(1) is true, 1 € S. Hence m # 1. Therefore m — 1 is a natural number. But m is 
the minimum of S. Thus m — 1 € S and so P(m — 1) is true. But then P(m) is 
true (because of hypothesis (ii) of the theorem). Hence m ¢ S which is a contra- 
diction. 
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3.9 Example For eachn &N 
1+2+3+...4+n = 5n(n+ 1). 


Proof Let δ, =14+2+3+...+n=2Z;-, k. Let P(n) be the state- 
ment S,, = }n(n + 1). 

We have S; = 1, and $.1(1 + 1) = 1. Hence P(1) is true. We now wish to 
show that ‘If P() is true, then P(n + 1) is true’. To do this, we assume that P(n) 
is true and try and deduce that P(n + 1) is true. Thus we assume that (δ᾽, = 
1n(n + 1) and try and deduce that S,,, =4(n + 1)(n + 2). But 


διαὶ Ξ P2ES +... Feros 
5, +& + 1) 

tn(n + 1)+ (n+ 1) 

s(n + 1)(n + 2) 


| 


as required. The result now follows by induction. 


3.10 Example The real number 


] 
A, = yp Ἐπ. Ἔ.. ἘΔ} 
n 


is the arithmetic mean of the numbers @;,@2,...,@p. Ifa,,d@2,...,@, are 
positive, their geometric mean G,, is defined by 


,, ΞΞ (ἀγᾶχ ocr. 
The ‘inequality of the arithmetic and geometric means’ asserts that 
Gp S Ap. 


Proof This inequality has an entertaining proof using “backwards 

induction’ (see exercise 3.11(5)). 

Let P(n) be the statement ‘For any positive numbers @,,@2,...,4p; 
G,, = A,,. We shall show that 

(i) P(2”) is true for eachn EN, 

(ii) If P(m) is true, then βίῃ — 1) is true. 
The result then follows by backwards induction. 

(i) We begin by proving P(2). Now, 


0s (να; — να3)}" —= a — 2./(a, a2) + a 
(a,a2)""? ΞΞ ξίαι + a2). 


This is simply P(2). We now show that P(2”) implies P(2"*'). Let m = 2”. Then 
2"*! = 2m. We have to assume P(m) and try and deduce P(2m). Since P(m) is 
true, 
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(στῶ... ἃ, ” ας τοί tae t ... tam) Deduce that, for any real numbers a and 5, 
a a" —b" = (a—b)(a"™"! + αν +a" 3b? +... tab"? +p"), 


yum (2) A polynomial P(x) is an expression of the form 


PUY = μα Ἐπ. ας hax Fo. 


" 
— 


] 
and (Qm+1%m+2-++42m Ξ = (@m+1 + am+2+...+d2m)- 


But we know that P(2) is true. Hence 
If a, # Ὁ, the polynomial is said to be of degree n. 


{(@,@2.. τ ye : Suppose that P(x) is a polynomial of degree n and that, for some £, 
P(é) = 0. Prove that P(x) = (x — £)Q(x) where Q(x) is a polynomial of 


lla, +...ta@ a <a ΤῸ 
Ξε {tat te + mth am degree ἢ — 1. [Hint: use the previous question.] If £,,£,...,£, are 


Thus Ξ Ἢ Ἢ distinct real numbers and βίξι) = Ρ(ξ2) =. . . = Ρ(ξ,) = 0, prove that 
] Ρί(χ) = AUX -- ξι) χα -- ξ.)... (χ -- ἕξ, 
(τα, .. es cilia <= a ἢ Ἐῶ. Ἐς, Ἔν ©) ι δι} #2) ( én) 
eet where k is a constant. 
which is P(2™m). : (4) Assuming that n! = 1.2.3... and 0! = 1, we define 
We have shown that P(2') is true and that, if P(2”) is true, then P(2”*') is - τ 
true. Hence P(2") is true for all n © N by straightforward induction. | - ee G=0, 25h): 
(ii) We now show that, if P(m) is true, then βίη — 1) is true. Suppose that r rn(a—r)! 
P(n) is true. Then ! Prove that 
ay Ἔα Ἔν. + Gyuy ἜΘ, : | 
(4102... ty 1G,4) τ᾽ πτνο θα τθξτ θόξε,. ῬΕΣΕ "4 ἡ Ὶ La (r=1,2,...,7). 
¥ a | r 
Ξ ly Rm Ag Pr Gee EER 
Wei Be Seer πὴ ἐν : Using this result and the principle of induction, obtain the binomial 
theorem in the form 
| ν᾽... noo H-1 ; | N-Z2p2 n 
ee ee (a+b) = a’ + na ie arma τυ ee 
Thus P(m — 1) is true. n [n 
This completes the proof. =) | Jem 
r=0 Ρ 
i Reade (5) Let P(n) be a statement about the natural number n and suppose that 
Scand ie Bente oe (i) P(2”) is true for eachn E N 
(1) Prove by induction that (ii) if P(7) is true, then P(r — 1) is true. 
- Prove that P(7) is true for every n EN. [Hint: the set {2": n EN} is 
(i) Σ, k? = 17 4+274+...4n? = kn(n+1)Qn +1) unbounded above (exercise 3.6(2)).| 
k=1 


(6) Suppose that 0 < X < Y and that x and y belong to the interval [X, Y]. 
Prove that, for eachn EN, 


(ii) ¥ ke -- 1 25 Ἐς .-Ἐμῆ = bn2(n4+ 1). 
=I XY" | x—y|<nXY| x" —y""| <y¥XU" |x —y|, 

(2) Prove by induction that, ifx + 1, 

[Hint: exercise 3.11(2).] 

Yx® = 1ltxtx?+...+x" = ai canal 
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4.1 The bulldozers and the bee 


Two bulldozers are moving towards each other at a speed of one mile 
per hour on a collision course. When they started they were one mile apart and a 
bee was perched on the front of one of them. The bee began to fly back and for- 
ward between the bulldozers at a constant speed of two miles per hour, vainly 
seeking to avoid his fate. How far from his starting point will the unfortunate 
insect be crushed? 


This riddle is usually posed in the hope that the victim will embark on some 
complicated calculations involving the flight of the bee. But it is quite obvious 
that the bee will be crushed when the bulldozers collide. Since the bulldozers 
travel at the same speed, this will happen halfway between their starting points. 
The answer is therefore one half mile. 

Let us, however, take up the role of the riddler’s victim and examine the 
flight of the bee. Let x,, denote the distance the bee is from his starting point 
when he makes his nth landing. Then 


26 


Convergent sequences 27 


ep Cyr ree 


ae δ 3)" he _(~—ihyn 

How is the answer 5 to be extracted from this formula? 

It seems clear that, as ἢ gets larger and larger, (— 4)” gets closer and closer to 
zero and so x, gets closer and closer to 3. We say that ‘x, tends to 3 as tends to 
infinity’ — or, in symbols, ‘x, > ἢ asn > ©’. 

This idea is of the greatest importance, but, before we can make proper use of 
it, it is necessary to give a precise formulation of what it means to say that x, > / 
as ἢ > ©, 


4.2 Sequences 
A sequence may be regarded as a list of numbers X),%2,X3,%4,... 
More precisely, we can say that a sequence is determined by a rule which assigns 
to each natural number ἢ a unique real number χη. We call x, the nth term of 
the sequence. 
The notation 


(Xp) 


means the sequence whose nth term is χη. 

The set χη: ἢ EN} is called the range of the sequence. We say that a 
sequence is bounded above (or below) if its range is bounded above (or below). 
Thus {χη} is bounded above by Η if and only ifx, <A (nm = 1, 2,3,...). 


4.3 Examples 
Ay ao Gale xt 5.1. ae leeds ei ee 
(iii) (1) = 1,1,1,1,... 


(ii) (τ) = 1,3,3,.4,--. 
(1) Ὁ) πξῷ 2,4, 8,16.... 
(v) The sequence (x,,) defined inductively by x, = 2 and 


2 n-1 


The first few terms are 2, 3, 4, 3%, . 


] 2 
x, = 2 fests] (n = 2,3,4,...). 


4.4 Definition of convergence 


A sequence (x,,) is said to converge to the Jimit 1 if and only if the 
following criterion is satisfied. 
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Given any € > 0, we can find an N such that, for any n > N, 


gcc ἢ ce, 


We write x, ~/asn 7 or 
lim x, = [. 
floc oo 


It may be helpful to think of x;, X2,%3, . . . aS Successive approximations to 
the number /. The distance |x,, —1| between x,, and / is then the error involved in 
approximating / by χη. The definition of convergence then simply asserts that we 
can make this error as small as we choose by taking ἢ large enough. 

The diagram is supposed to represent a sequence (x,,) with the property that 
Re Tae Ὁ 99, 


For the value of ¢ indicated in the diagram, a suitable value for V in the 
definition is V = 6. For each value of n > 6, 


i “- ἢ] - ε. 


In particular, the value of |x 9 —/| has been noted in the diagram. 

Notice that the definition of convergence begins ‘Given any e > 0, we can 
find an NV...’ Here the emphasis is on the very small values of e > Ὁ. It is clear 
from the diagram above that, if we had chosen to look at a very much smaller 
value of e > 0, then we should have had to have picked out a very much larger 
value of NV. In general, the smaller the value of e > 0, the bigger must be the 
corresponding value of NV. 


4.5 Example 
Ϊ 
1l+——~lasn- οὐ 
Η 


Proof Let e >0 be given. We must find a value of V such that, for any 
n>N 


3 
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But 


and so we simply need to find an NV such that, for any n > N, 
Ϊ 
--ε 
n 


1 
i.e. >. 
Ε 


But this solves the problem. We simply chose V = 1/e. Then, for any n > N, 


l 
a>N = 
Ε 
1 
i.e. —<€ 
Η 


i.e. « ε. 


be 


We have shown that, given any ¢ > 0, we can find an V (namely N = 1/e) 
such that, for any n > Ν, 


a 
ΣΝ 
n 


It is important to observe that NV’ depends on e, i.e. for each e > Ὁ we use a 
different N. Some values of ε and the corresponding values of N are entered in 
the table below. 


« €. 


Ε Ν 

0.4 2.8 

0:1 10 

0-000 001 1 000 000 


(Note: Some authors insist that V be a natural number. This makes the defi- 
nition of convergence a little more elegant but renders examples like that above 
marginally more complicated. If we wanted NV to be a natural number in the 
example above, we could not simply write V = 1/e. Instead we should have to 
choose WV to be some natural number larger than 1/e.) 
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4.6 Exercise | Let N be whichever of Ν᾽, and Nj is the larger, i.e. N = max {V4, N2}. Then, if 
(1) Prove that 3 n > N, both inequalities (1) and (2) are true simultaneously. Thus, for any 
ne? =f ΗΝ, 
lim = =1. n+ yn) —C +m) = In—-D + On—m) 
n+e\n* + ] : 


< |x, —/|+|y,—ml (triangle inequality) 
< Ξε ἐξ = ε. 


Ϊ Ἢ 
= Ὁ 85 ἡ >. Given any € > Ὁ we have found a value of N (namely V = max {\,, N2}) such 
that, for any n > N, \(x, +y,) —(@+m)| <e. Hence x, +y,7l+masn>@. 


(2) Let r be any positive rational number. Prove that 


(3) Let ἃ be any real number. If x, >/ as n > %, prove that Ax, > Al as 


4.9 Example Prove that 
2n? — 3n = 
4.7 Criteria for convergence jim, ee ee 
. In the example and exercises above it is fairly easy to decide what value Proof We wits 
of V is appropriate to any given value of e > 0. But this is by no means always 
the case. It is therefore natural to look around for some shortcuts which will - @ ως wing ae oy ve Ree Bee Peet 
enable us to determine whether a sequence converges (and what its limit is) with- | Sn°+4n*—2 5+4n1'-2n7% 5+4+0-0 5 


out our having to indulge in the painful process of appealing to the definition. 


In this and the next section we give some useful results of this sort. The supporting argument is as follows. It is obvious from the definition of con- 


vergence that 2 > 2 asm > οὐ, From exercise 4.6(2), η "2 - 0 as ἢ > οὐ, Hence, 
by proposition 4.8(i), 


4.8 Proposition (combination theorem) Let x, τὸ ἰ 85 Ἢ >and y, > m1 as 
n co and let ἃ and yw be any real numbers. Then 2—3n7?>2-—3.0 = 2 85 ἢ -Ὁ οὐ, 
(i) AX, + WY, > Al + ym 85 Η -Ξ οὐ Similarly, 
(ii) Xp¥p -Ὁ lm ἃ8 ἢ -ΞὉ οὐ §+4n'*—2n7°>5+4.0—2.0 = 5 85} - ον, 
(iii) Se ie esa cnc fotovided that m τῷ θ}. The result then follows from proposition 4.8(iii). 
Fi 
The proofs of (ii) and (iii) can be found in the appendix. These proofs are 4.10 Theorem (the sandwien theorem) Suppose that y, >/ asn > οὐ and 

somewhat technical and we prefer not to hold up the discussion by presenting that z, >] asn>~.Ify, <x, Sz, (n =1,2,...), then 


them at this stage. Readers who prefer to omit the proofs of (ii) and (iii) 


χ ~lasn>™, 
altogether will not suffer greatly as these results may be deduced from (i) once 


the theory of the exponential and logarithm functions has been developed. (Here the sequence (x,,) is ‘sandwiched’ caine the two sequences (V,) and (Zp) 
Procter sh), Aller eieinns ἃ HOV eed only OEIRAD IT x, > 1 — just as the bee of §4.1 was ‘sandwiched’ between the bulldozers.) 
asn—>coandy,>masn—>, thenx, ty, >l+masn >. Proof For this proof it is necessary to note that the inequality 
Let e > 0 be given. Then 4¢ > 0. Since x,, >] as n > ©, it follows that we can |x —1| <e is true if and only if? —-e <x </ + ε. (See exercise 1.20(1).) 
find an NV, such that, for any n > Ν,, | — ; ΤῊΣ 
Ix, --- ἢ! «Ξε. () : 


Similarly, we can find an V2 such that, for any n >No, 


Yn —m| «( λε. (2) 
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Let εἴ 0 be given. We have to find an NV such that, for any n > N, 
ie — ss: 7 

Since y,, > / as m > οὐ, we know that there exists an V, such that, for any 
Fl > Ni, 


Yn - ἢ Ξ ε. . (3) 
Similarly, since z, > / as nm > ©, there exists an δίῳ such that, for any n > No, 
ΙΖ, -ἰ Ξε. (4) 


Let Ν be whichever of V, and N3 is the larger, i.e. N = max {Ν, V2}. Then, if 
n > N, both inequalities (3) and (4) are true simultaneously. Thus, for any 
ΗΝ, 
Ξε Py si + e€ 


and Pee. eee. 
But y, =X, SZpn (μη =1,2,...). Hence, for anyn >N, 
f—e, =X, ΞΖ, SP Pe. 
Hence /—e<x,</ +e | 
i.e. i ἢ Ξε. 


Given any e > 0, we have found a value of V (namely V = max {Μ|,.Ν}} such 
that, for any ἢ > Ν, 


it, =i Se. 


Hence x, ~/asn >, 


4.11 | Corollary Suppose that νη > Ὁ as n > οὐ and that 
[eH ei — = 42nd 


Then x, τὸ ἰ 85 ἢ >, 


Proof The inequality |x, -- ΠΠΞ »η, is equivalent to] —y, <x, ΞῚ Ἐ yp. 


But, using proposition 4.8,/— y, τὸ 1 85 ἢ τὸ eand/+y,7lasn >. Hence 
xX, >lasn >, by theorem 4.10. 


4.12 Example Suppose that |x| < 1. Prove that 
x">O 85 ἢ >, 
Proof Write 
] ] 1 


οὐ τειν asi erierier iy Bar ease te Oe RTS : 
(1 +h) l+nht+4n(n—1)h?+...+h" “nh 


Thus 
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ix? --ὠἰ = pee (a= 1,2,...). 
| nh 

But 1/n > Ὁ asn > © (by exercise 4.6(2)). Thus, by corollary 4.11, 


x"+>Oasn7>™, 


4.13 Example In the problem of the bulldozers and the bee, we obtained 
the sequence 


Xn = 3{1 --ἕ- 


By example 4.12, (— 4)” > 0 asm > ~ and hence x, > ἢ asm > ©. 


4.14 Example Let x >0. Prove that 


x" >] ano, 


Proof In the inequality of the arithmetic and geometric means, take 
1=@,;=a) =...=a@,_-, anda, =x. ThenG, =x" andA,=(2—1+x)/n= 
(x= 1. 


x—- 1 


Hence χε ἘῚ 


1 
i.e. x] <7 @— 1). 


(Alternatively, take Y = y = 1 in exercise 3.11(6).) 
Assume to begin with that x 2 1. Then 


0<x¥"—-1<—@=1) 


and hence x!" > 1 as mn > © by the sandwich theorem. If 0 << x <1, then 


x = yp! where y > 1. But ν᾽" > 1 asm > © and hence 
in -. ἌΜΕ Ν -ὰ oo 
ΧὩ im 7 as ἢ 


by proposition 4.8(iii). 


4.15 Monotone sequences 
A sequence (x,,) is increasing if 


χα Pe ipl. od 
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Similarly, (x,,) is decreasing if 
Meggett, OS 1,2, +2) 


(x,,) increases (x, Ὁ decreases 


A sequence {χρὴ is strictly increasing if Xn44>X, (n= 1, 2,...). It is strictly 
decreasing if X,4;<X,(n =1,2,...). 
A sequence which is either increasing or else decreasing is called monotone. 


4.16 Example 


(i) The sequence (27) is strictly increasing. 

(ii) The sequences (n~') and (—n) are both strictly decreasing. 

(iii) The sequence (1) is both increasing and decreasing. 

(iv) The sequence ((— 1)") is not monotone. It is neither increasing nor 
decreasing. 


(i) If {χη is increasing and bounded above, then it converges to its 
smallest upper bound. | 
(ii) If (x,,) is decreasing and bounded below, then it converges to its largest 
lower bound. 
Proof Uf (x,) is decreasing and bounded below, then (— χη is increasing 
and bounded above. Hence it is only necessary to prove (i). 
Suppose that (x,,) increases and is bounded above with smallest upper bound 
B. We must show that x, > Basn > ©. 
Let e > O be given. Since B — € is not an upper bound, there exists at least 
one term Xj, of the sequence such that 


ty Be. 
But (x,,) increases. Hence, for any n > N, x, 2xy. Thus, for any ἢ >N, 


Xn = Xn »Β.--ε. 


4,17 Theorem 


Convergent sequences 35 


Also B is an upper bound for the sequence. Hence x, <B(n=1,2,.. Ἢ 
Thus, for any n > JN, 


Β--εςχ, = 8B. 
B-é€<.x,< 8 te 
i.e. lx, ~ Bl = €. 


Given any ε > 0, we have found an NV such that, for any n >N, |Xp — B\<e. 
Hence x, > Basn>™., 


oh er ὅν 


4.18 Examples (i) The sequence (nm — 1)/n) increases and we know from 
exercise 3.6(1) that it is bounded above with smallest upper bound 1. By 
theorem 4.17 it follows that 


| 55} 


+~lasn7@, 


(ii) If 0 < x <1, the sequence (x") decreases and is bounded below with 
largest lower bound 0 (exercise 3.6(2)). Thus 
x" >Oasn> oo, 


4.19 | Example The examples above are nothing new. But consider the 
sequence 


(i+n7')"). 
We first show that this sequence increases. In the inequality for the geometric 
and arithmetic means, take a) = 2 =...=a,-; =1+(n—1)" anda, =1. 


Then 
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f+ Pca tema 2 f +1) 
i 


n= 4 n 


Ι π-ὶ 1\" 
i + -- ΒΞ 
[ a < (+ PS 2,3,..ὃ 


and so the sequence increases. To be able to deduce the convergence of the 
sequence from theorem 4.17, we also need to prove that the sequence is 
bounded above. By the binomial theorem, 


+i) = 1+n(Fene=d Ey +...) 
i n 2 i n 


Hence 


II 
-Ἔ 
-- 
oe Te 
5. |=. 
NR) 
++ 
ἘΣ 
| 
Sf 
Ἧς EE ον ς 
= 
| 
= Jt 
———— 
Ὁ ἢ μν 
-ἰ- 


] 1 ϊ Ἶ 
- ΕῚ +> σε .. + sani (because 2” '<n!) 


= ἀν σι Sag bal 3. 
2 


Hence the sequence is bounded above by 3. From theorem 4.17 it follows 
that ((1 +n~*)”) converges to a limit B and B <3. (In fact, B=e =2:718...) 


4.20 Exercise 
(1) Prove that 
n> + 5n?+2 
2n*° +9 
(2) Decide for what values of x the limit 


᾿ x +x" 
lim 
ἢ προ |] +y") 


>} a5 -Ὁ θα, 


exists. Draw a graph which plots the value of the limit against the value 


of x. 
(3) Use the sandwich theorem to prove that 


V(n+1)—/n > Ὁ 85 -Ὁ οὐ, 
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*(4) Let x be a positive number, and let N be the smallest natural number 
satisfying VV > x. Prove that 


a iL gees es 
af ND)! ΠῚ ἘΣ 


Deduce that x"/n! > Ο 85 ἢ > ©. 
*(5) Let abe any positive rational number and let |x| -Ξ 1. Show that there 
exists a natural number N such that (1 + 1/N)“** |x| <1. Deduce that 


nthe) < [NEN] (nn SN). 


Hence show that n°x" > 0 85 ἢ > ©, 
*(6) Prove that the sequence <n’) decreases for n > 3. [Hint: example 
4.19.] Hence prove that the sequence converges. 
(The convergence of (n'") can also be established by a method like 
that of example 4.12. Ifm = (1 +h,)”, then it follows from the binom- 
ial theorem that 


πίη — 1) 


μὴ “Ἢ. 
Ἰ n 


Therefore h, > 0 asn >.) 


4.21 Some simple properties of convergent sequences 


4.22 Theorem A sequence can have at most one limit. 
Proof Suppose that x, >]asn > 99 andx,>m asn >. Let e > 0 be 
given. Then 
i—m| = [1 —-x, +x, —m| <I —x,|+ Ix, —mi<ete = 2e€ 
(triangle inequality) 


provided that n is sufficiently large. But, from example 1.7 it follows that, if 
0 ΞΞ: ἢ“ --- μὴ] « ε for every εἰ 0, then J —m| τε Ὁ, 1.8. 1 =m. 


4.23 Theorem Suppose thatx, ~lasn> ©. 
(i) Ifx, 2a(n=1,2,...), then/2 a. 
(ii) ἔχ, <b (n=1,2,...), then] <b. 
Proof fx, = b(n =1, 2, .. ), then —x, = -—b( = 1, 2, .. .). Hence 
we need only prove (i). 
Let e >0. Then there exists an V such that, for any ἢ > Ν, 
[Xr de 


i.e. j—e<x,</te. 
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But x, 2a(n=1,2,...)andso, foranyn >N,a<x,</l+e. 
Hence, given any e >0,a</+ €. From example 1.7 it follows that ἃ < /. 


4.24 Example Suppose that x, >lasn>.Ifx, >a(n=1,2,...), it is 
tempting to conclude that / > a. But this may not be true. For example, 1/n > 0 
asm cand l/n >O(n = 1,2,...). But we certainly cannot conclude that 
0>0. 


4.25 Theorem Any convergent sequence is bounded. 


Proof Letx, > lasn -Ὁ οὐ We have to find a K such that [χη < Καὶ 
(n =1,2,...). (See proposition 2.3.) 
It is true that, for any e > 0, there exists an V such that, for any n > N, 
|x, τ ἢ] <e. In particular, this is true when ε = 1, i.e. there exists an NV, such 
that, for any n > Nj, 


Bie + Bs BF 
From theorem 1.18 it follows that, for any n > Nj, 
Bo cel ἢ Ξ ne | ae 
i.e. [xn[<[]+1 (n> Nj). 
The result now follows if we take 


K = max {|x4l, xl, ..., Lent, ll + 1} 


4.26 Divergent sequences 


A divergent sequence is a sequence which does not converge. Any un- 
bounded sequence is therefore divergent (theorem 4.25). However bounded 
divergent sequences exist as well. 


4.27 Example The sequence (— 1)") diverges. 


Proof The sequence is obviously bounded. Suppose that (— 1)" >/ as 
n— ee, Then, given any e > 0, we can find an N such that, for any n > N, 
(-- 1)" —1| - ε. But there are both even and odd values of ἢ greater than NV and 
so [1 —l| - ε and |— 1 —/| - ε. These inequalities must be true for any e > Ὁ and 
SO we obtain the contradiction /= 1 and/ =— 1. 


We say that a sequence {χη} diverges to + © and write x, > + 99 85} > if, 
for any H > 0, we can find an N such that, for any n >N, 
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Mg odd, 


Similarly, a sequence (x,,) diverges to — and x, > τ 99 85 ἢ > if, for any 
H > 0, we can find an WV such that, for any ΝΜ), 


Xe 


H4--------- 


| 
Ι 
| 
Ι 
I 
| 
| 
| 
Ι 
{ 
Ay 


Si ee ee ῸΣ 


A divergent sequence (x,,) which does not satisfy x, > + 99 asm > © or 
Χο > — 85 ἢ -ὸ js said to oscillate. An example is the sequence ((— 1)”. 


4.28 Example Let abe a positive rational number. Prove that n* > + cas 


im, 


Proof Let H > 0 be given. We have to find an N such that, for any 
ἘΝ, 
"ΠΗ 


i.e. n>H'@ 
We simply choose V = H'™. Then, for any ἢ > N,n > ΗΠ" and hence n* > H. 


A common error is to suppose that proposition 4.8 (about combining con- 
vergent sequences) applies to sequences which diverge to + % or — ©. For 
example, it is tempting to suppose that, ifx, ~~ asn7ceandy,>~~*asn>™, 
then xX, το »»η τὸ 99 --- οὐ τ ( 88 ἢ -Ὁ οο, But is mot a real number and cannot be 
treated as such. Indeed, one should immediately be warned that something is 
wrong by the appearance of the totally meaningless expression 99 — °°. To press 
the point home, we consider the example x, =n? (n =1,2,...)andy, =n 
(n=1,2,...). Thenx, "Ὁ 99 85" >and yp, > -asn>©, but x, τη "Ὁ 99 as 
n> oco, Or, again, take x, =(n + 1)(n=1,2,...) andy, =n (n=1,2,...). 
This time x, —V¥,7 1 asn >, 
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4.29 
(1) 


(2) 


(3) 


(4) 
(5) 


*(6) 
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Exercise 


Suppose that x, >/ as ἢ > οὐ, Prove that 

(i) |x, τ - Ὁ 85} τὸ οὐ 

(ii) [χοἰ > {Π| 85 τὸ το, 

Suppose that x, τὸ ἰ 85} -ὸ οὐ, If / Ὁ, prove that there exists an V such 
that, for any n > N, 


χ ah. 


Prove that 
(i) 2° ++ c©asn>oo 
(iii) ((— 1)"n) oscillates. 
Let x, >O(m =1,2,...). Prove that x, τὸ Ὁ asm > if and only if 
1/x, > 99 85 ἢ >, 
Suppose that (x,,) increases and is unbounded above. Prove that 
X, > + as nce, If (x,) decreases and is unbounded below, prove 
that x, Ὁ τ 99 85 ἢ >, 
Let S be ἃ non-empty set of real numbers and suppose that α(ξ, S) = 0 
(see exercise 2.13(4)). Show that, for each ἢ € N, we can find an 
x, ©S such that | —x,|< 1/n. Deduce that x, > £asn > ©. 

If δ᾽ is bounded above, show that a sequence of points of S can be 
found which converges to its supremum. If δ᾽ is unbounded above, show 
that a sequence of points of S can be found which diverges to + ©, 


(ii) —/n > — 99 ἃ5 ἢ +00 


“ἢ 


1) 


5 SUBSEQUENCES 


5.1 Subsequences 
Suppose that (x,,) is a sequence and that (7, ) is a strictly increasing 
sequence of natural numbers. Then the sequence 


(Xn) 


is called a subsequence of (x,,). 
The first few terms of some subsequences of ( x,,) are listed below. 


(Ring? ΒΞ aay Xo Ma 
(Xs) τῷ Xo, Mas Migs as 

(Xarag) = Xg, X11, %14, X17; --- 

(Xar) = Xo, Xq,%g,X16,--- 


Roughly speaking, if we think of a sequence as a list of its terms, then we 
obtain a subsequence by crossing out some of the terms. For example, (x2,) 
may be obtained from {χη} by crossing out terms as below. 


ζι, Χα, 3, %4,%55 ἂς, ses 


The insistence that (,.) is strictly increasing is of some importance, It means, 


for example, that the sequence whose first few terms are 
Xa, Χι ἃς, Χχ, Χο, ... 


is nor a subsequence of (x,). 
The fact that (n,.) is strictly increasing has the consequence that 
ee AP 1.32... 


This is easily proved by induction. 


bo Theorem Suppose that x, > / asm and that (x,,) is a subsequence 


of (Xn). Then 


Xe TP Pas tee, 
r 


Proof Let εἰ Ὁ be given. Since x,, τὸ as n > ©, there exists an V such 


that, for any n > N, 


a Subsequernces 


Korn = δ᾿ 
Let R = N. Then, for any r > R,n,2r>R= Nand son, > Ν. Thus 
᾿Ξ: 


We have shown that, given any e > 0, we can find an R (namely Καὶ = NV) such 
that, for any r>R, 


[Xn —f | SE. 


Hence χ,, τ lasr> ©, 


5.3 Example We have seen that the bounded sequence ((— 1)”) diverges. 
A simpler proof can be based on theorem 5.2. Obviously the subsequence of odd 
terms tends to — | and the subsequence of even terms to + 1. But, if ¢(— 1)" 
converged, all its subsequences would tend to the same limit. 


5.4 Example In example 4.4 we showed that, if x >0, then x" > 1 as 
n > ce, We prove this again by a different method. As in example 4.4 we need 
only consider the case x 2 1. 

If x >1,thenx’/">1(n =1, 2, ...) and hence the sequence (χ᾽) is 
bounded below by 1. Moreover 


xin fy tl(nrd) -- x(rti-m/n(n+1) — y1/n(nt1) > 1 es ee .,.2 


and therefore (x!/") decreases. From theorem 4.17 it follows that (x'/") con- 
verges to a limit / and / 2 1. What is the value of /? 
By theorem 5.2, we know that all subsequences of (x?/") must also tend to J. 


Hence Le 
x1/2" _, Tas ἢ > 00, 


Using proposition 4.8, it follows that 
set ce, ΧΙ. τῷ 15 pe ie =e ὦ, 
But a sequence can only have one limit. Thus 
i =f? 
and so/=Qor/=1. But/21 and hence/= 1. 
We have shown that 
x/" > | as n> 00, 
Note: A warning is appropriate here. Do not use this method of working out the 
value of a limit until you have shown that the sequence converges. For example, 


if you thoughtlessly tried to evaluate the limit of the sequence ((— 1)”) by 
looking at its subsequences, you would obtainJ =+1=—1. 


——$—— 


| 
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5.5 Example Let a > 0 and let x, > 0. Define the rest of the sequence (x, 
inductively by 

Kei = 2G ee’) Ge = 1.2... 
Obviously x, >0(n =1,2,...). But further 

Ἔχ ike = MAT 

x2 —2XneiXn ta = O. 


We know in advance that this quadratic equation in x, has a real solution. 
Thus ‘bh? — 4ac > 0’, i.e. 


He a. 
Since Χμ > 0, it follows that 
Po pea (ἘΞ. ah 
We wish to prove that (x,,) decreases and so we consider 
χη ρει = Xn τ ἔχῃ Ἔ aXq') 
Ϊ 
2X sy 


>0 (= 2,3;...). 


(xa) 


Hence the sequence (x,,) decreases and is bounded below by va (provided 
we omit its first term). From theorem 4.17 it follows that 


ΧΗΣ 85 oO 


where [25 να. What is the value of /? 
By theorem 5.2 we also have X,,,, >/asn— ™, But 


Knee = FX Ἐ GQ’). 
Now / # 0 (because / > να). Hence, by proposition 4.8, 
Xneq = ξίχ, + ary") > 4 + αἱ 1} as n > ©. 
Since a sequence can have at most one limit, 
b= ξ{{ὉΔ} αἱ ἢ 
i.e. 1" = α. 


Thus / = ψα or] = -- να. But we know that / > να. Hence ἰ = ψα. We have 
therefore shown that 


X,7> Vaasn> ©, 


“2. Subsequences 


5.6 Example We attack the previous example by a different method. Again 
let a > O but this time let x, be unspecified for the moment. Define the rest of 


the sequence inductively by 
Sue = Pons) ὧὲ τὸ 1,3... 
Xney— Va = 4(x, + ἀχη)-- Va 


Now 


1 
—— (x2 -ἶχ, ψα +2) 


2X 
= ἢ ἢ -- ν 3 
ὥχ,, On a) 
_ cs (Xi \r-1p VES — 7} 
Pe ὌΝ νὰ 
οἷς 4 
= 2x, as Qx, 4) ἔχ, Η--} — /a) 
oe ς δεν ἐσ ; 
254! (σα, ee Mira Ve) 
Ϊ ] 


SS -- 2" 
τες Ora apres VO 
If we assume that x, > ~/a, then it follows, as in example 5.5, that x, 
(n=1,2,...). Hence 


"paar 


Ια στ v/a | <= τὶ οἷς — s/a)?” 


2/ 


(2™-1)/(2-1) 


ἘΞ — fa)?" 


= 2a τ 


We know that, if | y|<1, then y" > Ὁ asm > ©, By theorem 5.2 it follows 


that py?" +0 asn > ©, 
Hence our argument shows that x,, > ΝᾺ as n > © provided that 


— 4/@ 
“1 Va ΤΥ 
2a 


> v/a 
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argument given here is interesting because it allows us to estimate how ‘good’ an 


approximation x, is to Va. 
For example, suppose we want to estimate the value of »/2. It is obvious that 
1 « “2 <2 (because 17 = 1 <2 and 27 -- 4)» 2). For a better estimate take a = 


2 and x, = 2 in the argument above. Then 


“2 V2(V2 -- 1) 
il av| 3/2 ee 


—/2|< 2v2 [8 


Using the crude estimate io <2 we obtain |x,— /2|<2° =a <0-016. 
Hence x4 = 3 = 1-414... . differs from /2 by at most 0-016. 

(A better estimate for ./2 may be obtained by evaluating x; or by starting 
with x, = 3 and using the estimate \/2 < 3.) 


5.7 Exercise 
(1) Given that (7'/") converges (see exercise 4.20(6)), show that 
nil" + 45 ἢ -Ὁ οὐ 
by considering the subsequence ((2)'/2"). 
(2) Asequence (x,,) is defined by x, ΞΞ ἢ and 
Xner = Xntk 
where 0 <k < and ἢ lies between the roots a and b of the equation 
χ--χ ἜΚ. 
Prove that ἃ “χη Ξ χη <b (n ΞΊ,2,... ... Show that (x,,) con- 
verges and determine its limit. 
*(3) Ifk >Oand x, >0 and {χη} is defined inductively by 


k 
x = -- 
a 1X 


show that one of the sequences (x2,,) and (X2,,-;) is increasing and 
the other decreasing. 

Prove that both sequences converge to the limit / which is the posi- 
tive root of the equation x* + x =k. What conclusion may be drawn 
concerning (x,,)? 

*(4) Two sequences (χη) and (y,,) are defined inductively by x; = 1 and 
y= ] and 


+n = WH Ἐπ Vn) (n Ξε ns 3, ae a 


We have already assumed that x, > ψὰ and so we have shown that x, > να as 
Ἢ ~ ce provided that Va <x, “3 να. Of course we already know from example 
5.5 that this was true under the weaker hypothesis that x, > 0. However, the 
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jnud ἃ | ἔν ἢ ἕω ας 
- ἘΞ Ξ | = eek 
Yn fag) oe μαι, Sarah 
Prove that X,_; χα, ΞΡ, Ξ),.. (2 = 2,3,...) and deduce that both 
sequences converge to the same limit /, where }</ <1. (Actually / = 
1/4.) 
t (5} Let y be any real number. Prove that the sequence 
((4[ per ty") 
is increasing for those values of n which satisfy n > 1 —y. [Hint: 
example 4.19.] Show also that the sequence is bounded above and 
hence converges. [Hint: From exercise 4.20(4), (2v)"/n! +O asn >< 
: and therefore we can find an N such that, for any n > N, y"/n! <(4)",] 
(6) Show that the product of the limits of the two sequences ((1 + χη yh) 
and ((1 —xn~')") is equal to 1. | 
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5.8 Bolzano- Weierstrass theorem 


3.5 Theorem Every sequence has ἃ monotone subsequence. 


Proof Let (x,) be any sequence of real numbers. We must construct a 
subsequence (x,_) which is either increasing or decreasing. We distinguish two 
cases. 

(i) Every set {χη τη >N} has a maximum. In this case we can find a sequence 
(,) of natural numbers such that 


Xn, = maxx, 
n> 1 

Xp, = max xX, 
πη, 

+n. = max Xn 

4 L 
πη, 


and so on. Obviously n; <n.<n3<...and so, at each stage, we are taking 
the maximum of a smaller set than at the previous stage. Hence (x, ) isa 
decreasing subsequence of (x,). ; 

| (ii) Suppose that it is nor true that all of the sets {x,,:n > N} have a maxi- 
mum. Then, for some Λ΄), the set {x,:n > N,} has no maximum. It follows 
that, given any x,,, with m > N,, we can find an X, following x,,, such that 
Xn > Xm. (Otherwise the biggest of XN +1;+++;%Xm would be a maximum for 
ity AE). 
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We define X,, = Xn ,+1 and then let x,, be the first term following x, for 
which x,, > X,,. Now let x,, be the first term following x, for which 
Xn, >X,,. And so on. We obtain an increasing subsequence (χη, of (Xp). 


5.10 Theorem (Bolzano—Weierstrass theorem). Every bounded sequence of 
real numbers has a convergent subsequence. 

Proof Let (x,) be a bounded sequence. By theorem 5.9, (x,) has a 
monotone subsequence (x, _). Since (x,) is bounded, so is (x, ». Hence, by 
theorem 4.17, (Xn? converges. 


oe ih Examples 

(i) The sequence ((— 1)") is bounded. Two convergent subsequences are the 
sequence —1,—1,-—1,... of odd terms and the sequence 1, 1, 1, ΕΝ 2 
even terms. 

(ii) A more sophisticated example is the sequence (r,,) whose first few terms 


are ae 
3, 4,4, 4, 4,4, 6,4, 3, ἢ, ὃ,. 


Every term of the sequence is a rational number between Ὁ and 1. Hence the 
sequence is bounded. It has many convergent subsequences. For example 


ee 
PR ee ee 
ee ee 


a = = 


5.127 Lim sup and lim inf 

We shall not have a great deal of use for the subject matter of this 
section. However, it is material which has to be learned eventually and it is 
natural to deal with it here. 

Suppose that (x,,) is a bounded sequence and let L denote the set of all real 
numbers which are the limit of some subsequence of (x,,). We know from the 
Bolzano—Weierstrass theorem that L is not empty (i.e. L #@). Of course, if 
(x,,) converges, 1, will just consist of a single point (theorem 5.2). 


5.131 Proposition Let (x,) be a bounded sequence and let L be the set of 
all real numbers which are the limit of some subsequence of (x,,). Then L has a 
maximum and a minimum. 

That L is a bounded set follows from theorem 4.23. Hence L certainly has a 


supremum and infimum. Proposition 5.13 asserts that these actually belong to 
the set L. The proof is relegated to the appendix. Readers who prefer to omit 
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the proof altogether will encounter it again at a later stage since it is a special 
case of a general theorem concerning ‘closed sets’. | 

If (x,) is a bounded sequence, let us denote the maximum of L by / and the 
minimum by /. Then / is the /argest number to which a subsequence of (x,,) 
converges and / is the smallest number to which a subsequence of (x,,) con- 
verges. 

We call / the limit superior of (x,,) and write 

i = lim sup χη. 


Similarly, / is the limit inferior of (x,,) and we write 


! = lim inf x,. 
no 
(Occasionally you will see such expressions as lim sup x, = + ©. This simply 
fi — co Σ ; 

means that (x,,) is unbounded above. Similarly lim inf x,, =— οὐ means that 
(x, ) is unbounded below.) ae 
ἘΞ ΕΞ een ine ee ee ἘΠῚ ὙἹ ΕἾ FS TL 2 
5.14% Examples 

(i) The sequence (1/) converges with limit 0. By theorem 5.2, all its sub- 
sequences converge to 0. Hence 1, contains the single point 0 and 


: ] . Ϊ 
lim sup — = liminf — = lim — = QO. 


nao Fl noo ἢ nooo ἢ 


(ii) The sequence ((— 1)") is bounded. The set Z consists of two points + | 
and — 1 (ie, ={+1,—1}). We have 


lim sup (— 1)" = 1;lim inf (—1)" = 


hi 9° fi oS 


(iii) Let (7,,) be the sequence whose first few terms are }, ἢ, 3,4, 3, 3,42. z, 
:§,-++ Obviously 0<7,<1(n=1,2,...). From theorem 4.23 it follows that 
Li isa sabeet of [0, 1] (i.e. ZC [0, 1}). But the subsequence 3, 4, 2, 4, . . . con- 
verges to 0. Thus / = 0. Also the subsequence }, 3,3,4,... converges to 1. Thus 
= 1. We have shown that : | 


lim sup r, = 1; lim inf r, = 0 


i= co nh oo 
Eee REST Ae where Bae Tira tie tes hana ΡΜ A Pal 
5.157 Exercise 
Ι (1) Calculate 


(i) lim sup ((—1)"(1 + n7)} (ii) lim inf {{-) Ὁ +n) 
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and show that these are not the same as the numbers 


sup (—1)"(itn) and inf (—1)"(l+n"). 
n=1 n=l 


¥ (2) Let (rn) be the sequence whose first few terms are 2, 3, 3, 4, 4.344, 2, 
41 |. Show that every point in the interval [0, 1] is the limit of a 
Ὁ ieoamaaes of (r,,). [Hint: see exercise 3.6(4).| 

Τ (3) Suppose that (x,) is a bounded sequence and that, for any V, we can 
find an n > N such that x, = b. Show that (x,,) has a subsequence 
which converges to a limit / =D. 

T (4) Let (x,) be a bounded sequence with limit superior Ϊ and limit inferior 
1. Show that, given any ε 0, we can find an N such that, for any 
n>N,x,<i +e. [Hint: use question 3 with b = 1 + ε]. What is the 

| corresponding result for /? 

Τ᾿ (5) Deduce from question 4 that a bounded sequence (x, ) converges with 
limit / if and only if 
lim sup x, = liminf x, = /. 

ns n+ 
Hence show that a bounded sequence {x,,) converges if and only if all 
its convergent subsequences have the same limit. 

Τ (6) Let {χη} be a bounded sequence and let 

_M, = sup Xz. 
kR=n 
Show that < M,,) decreases and is bounded below. Deduce that ( M,) 
converges and denote its limit by M. If/ is the limit of some subse- 

. quence of {χη}, show that M, >/(n = 1, 2,...). Deduce that M21. 
Obtain also the reverse inequality M <1 [Hint use question 4] and 
hence show that 
lim sup x, = lim {sup xz}. 

n+ oo προ R2=n 
(This explains the choice of notation for the limit superior. We also 
have, of course, 
lim inf x, = lim { inf x;}.) 


γ1-- 0° πλοῦ k2n 


5.16 Cauchy sequences 
Suppose that we want to prove that a sequence (x, ) converges but we 
have no idea in advance what its limit / might be. Then there is no point in 


~ appealing directly to the definition because we shall certainly not be able to 


prove that |x, —/| can be made as small as we choose by taking n sufficiently 
large if we do not know the value of /. 
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Theorem 4.17 gives us one way of resolving this difficulty. It tells us that an 
increasing sequence which is bounded above converges and that a decreasing 
sequence which is bounded below converges. Thus we are able to deduce the 
convergence of the sequence without necessarily knowing the value of its limit. 
But, of course, theorem 4.17 deals only with monotone sequences. In order to 
deal with sequences which may not be monotone, we introduce the idea of a 
Cauchy sequence. | 

We say that (x,,) is a Cauchy sequence if, given any ¢ > 0, we can find an NV 
such that, for any m > Nand any n> WN, 


ea, be ae 


Very roughly, the terms of a Cauchy sequence get ‘closer and closer’ together. 
5.17 Proposition Any convergent sequence is a Cauchy sequence. 


5.18 Proposition Any Cauchy sequence is bounded. 


The proofs are easy. The next theorem is what makes Cauchy sequences 
important. 


5.19 Theorem Every Cauchy sequence converges. 


Proof Let (x,,) be a Cauchy sequence. By proposition 5.18, (x,,) is 
bounded. Hence, by the Bolzano—Weierstrass theorem, it has a convergent sub- 
sequence (x,,_). Suppose that Xn, > las r> oe, We shall show that x, >/ as 
Ἢ -Ὁ 00, 


Let e >0. Then 3¢ > 0. Hence there exists an R such that, for any ΚΑ, 
Xn. 5: 19. (1) 


Since (x,,) is a Cauchy sequence, there also exists an NV such that, for any m > N 
and any n > N, 


| Bi Xp |<$e. (2) 


Now suppose that n > N and choose r so large that n, > Nand r ΚΒ. Then 
(1) is satisfied and also (2) is satisfied with m =n,. Thus, for any n > N, 


[xy Ἐ = "πὴ Xn, Xp, τὶ 


ἊἌ 


[Xn —Xn,|+1Xp,.—/| (triangle inequality) 
< Set+he = ¢, 


Given any e > 0, we have found an N such that, for any n > N, |x, -- 1 <e. 
Thus x, >] 85 ἢ > ©, | 


= r Ξ ee ΝΥΝΊ ΒΟ, 
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5.20 Example A sequence (x,,) is defined by x; =a, X2= b and 
Xn+2 = (Xn +x,) (2 = 1,2,3,.. .). 


Prove that (x,,) converges. 
Proof We have 


με *ne1 = eee + Xo} —Saxi = χω 
Thus 
[13 et πῶ Ἢ ει = 52 | %n —Xn-1 
l 
Sas ἘΞ 55 hha = alld 
Hence, ifn > m, 
| Xn ἄμ es Br ae —~ Xn 3 FX y-1 ρα. os + Xme1 — Nig 
S LXq Xa ea | Xn-1 —Xp-2! | eas =| 
Ϊ Ι it 
= ΕΣ Σ᾿ lb—a| 
1 l | l 
i qm-1 Ϊ + 2 mat ᾿ sal ib ταὶ 
ι 1-@"" inst en 
= σπτσι 1-- “1b al της 18 41. 


Let εἴ 0 be given. Choose N so large that 


Ι 
τῆς 8 5 9 


Then, for any ἢ > Nand any m > N. 
l 
|Xn— Xml Sonal —al<e. 


Thus (x,,) is a Cauchy sequence. Therefore, by theorem 5.19, it converges. 
(An alternative method would be to show that one of the two sequences 
(X5n-1) and (xX2,) is increasing and the other decreasing and then to show that 

they have the same limit.) 


5.21 Exercise | 
(1) Suppose that 0 «α « 1 and that (x,,) is a sequence which satisfies 
[χη —~Xnl <a" (n =1,2,...). Prove that (x,,) is a Cauchy sequence 


and hence converges. 
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Give an example of a sequence (y,,) such that Vn Ἔ as n> co . 
but | ¥n+1 —Yn| > 0 85 ἢ -Ὁ οὐ, [Hint: see exercise 4.20]. 


(2) A sequence (x,,) satisfies 0 «ὦ <x, =X. <b and 6 SERIES 


Xn+q = taneny οὸς (ee TS? .). 


Prove that a <x, <b (n = 1,2, ...). Hence or otherwise show that 


| b 
| Xn+1 —Xn| ΞΕ ἘῸΝ Χμ (n 5πὶ| τ, τὴ 
Deduce that (x,,) is a Cauchy sequence and hence converges. 


Definitions 
(3) For the sequence of example 5.20, prove that 6.1 efinitio 


Given a sequence (a,,) of real numbers the sequence (sy) defined by 
ἄπει 4 ἔχῃ = Xp, + ΣΝ νοι Ξε Ὡς ΞΕ oe ἔχ, 


Ν 

Deduce that | χη. —/|=4| x, το], where / = 3(x, + +xX,). What con- Sy = > ἄμ = ay ta,+...+an 

clusion may be drawn about the convergence of the sequence ( “7? i 

Tackle exercise 5.21(2) by a similar method. 
(4) Let [a,b] be a compact interval (see §2.9). Prove that every sequence 
of points of [a,b] contains a subsequence which converges to a point 
of [«, 6]. 

Ϊ (5) Let / be an interval which has the property that every sequence of 
points of / contains a subsequence which converges to a point of ]. 
Prove that / is compact. [Hint: First prove that / is bounded by assum- 
ing otherwise and appealing to exercise 4.29(6). Then prove that sup 1 
and inf 7 are both elements of / with another appeal to exercise 
4.29(6).] 

ἵ (6) Given a set 8' of real numbers, let 


Sp = {x:x€ Sand x τὸ ξὶ. 


is called the sequence of partial sums of the series 
7 ἔῃ. 
n=1 


If sy, +s as N > ©, the series is said to converge to the sum s. We write 


τ "ἢ 
s= ) εις 
n=1 


It is important to remember that this formula can only make sense when the 
series converges. 


SS —————__ 


We say that ἕ is a cluster point (or point of accumulation or ‘limit 


point’) of § if £ is at zero distance from δὲ. (Note that ξ need not be an 6.2 Example Consider the series 
element of S). A form of the Bolzano—Weierstrass theorem asserts that 

every bounded set with an infinite number of elements has at least one Ὁ x" 

cluster point. Prove this. n=0 


Ι-χ 


If |x| <1,x%*!-+0 as N > and hence 
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nS as Λ΄ > οὐ, 


με: - 

It follows that the series 2,9 x" converges if |x| << 1 and we may write 
τι χ = τς (Ix|< 1) 
a ere : 


If |x| 2 1, the series diverges. 


6.3 Example The partial sums of the series 


— Ϊ 
n=1 πίη Ἔ]) 
are given by 


| 


N | N 1 
ye το τεῳ 2, 2 : “sh 


[-.6-}.6ς-}... 


Ϊ 
ΞΞ Ia, 2a 


| 


Hence the series converges and we may write 


= I 
piers +1) 


6.4 Series of positive terms 


Series whose terms are all positive (or non-negative) are particularly 
easy to deal with. This is because the sequence of partial sums of such a series is 
increasing. Thus, if we wish to show that a series of positive terms converges, we 
only need to show that its sequence of partial sums is bounded above. If the 
sequence of partial sums is unbounded above, then the series diverges to + οο 
(see exercise 4.29(5)). 


6.5 Theorem The series 


diverges to + 00, 


Series 


Proof Since the partial sums of this series increase, we only need to 


show that they are unbounded above. But 


ε΄ ἢ 1 
Son = bot. + ON 
1b Ged) (be τὰ 
rede (Fed) + (beg τ ΠΕ; 
i L+otltee.. ες = 1+4N 


Thus the partial sums are unbounded above and the theorem follows. 


6.6 Theorem Let a be a rational number such that a > 1. Then the series 


= 7 
De 


converges. 


Proof Since the partial sums are increasing, we need only show that 


they are bounded above. For NV > 1, 


Ϊ l 7 Ϊ 
Sw SSuy= 1a be Δ GN ap 
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provided that 1/2*~’< 1. But this follows from the assumption that a > 1. 
Hence (sq) is bounded above and the theorem follows. 


6.7 Elementary properties of series 


6.8 Theorem Suppose that the series D7_, a, and D>, b, converge to a 
and B respectively. Then, if \ and yu are any real numbers, the series 
Σ πα (Aa, + wd,) converges to La + pf. 

Proof We have 


N N N 
2, (Ad, + MB») = Ἢ ἐΐῃ Ἔμ ἐν Dy, 
n=1 n=l n=l] 


>a + up as N > °° 


by proposition 4.8. 


6.9 Theorem Suppose that the series D7 πὰ a, converges. Then 
a, >Oasn >, 


Proof Let the sum of the series be s. Then 
N 
Sy = δ᾽ a,7>sasn>o, 
n=1 


Also. Sy, τ 8 asn>, 


But then 


[| 


ay = (4; ta, +...+ay)—@itagt...+an-)) 


= Sy —Sny-175—8S = Ὁ 85} -Ὁ οο, 


6.10 Examples The series 


Ply 
n=1 
diverges. This can be deduced from theorem 6.9 by observing that its terms do 
not tend to zero. 
Note that the converse of theorem 6.9 is false. Just because the terms of a 
Series tend to zero it does not follow that the series converges. Theorem 6.5 
provides an example. The terms of the series 


ei 


n=1 ἢ 


Series - —_ , a7 


tend to zero, but the series diverges. One might say that the terms of the series 
do not tend to zero ‘fast enough’ to make the series converge. 


6.11 Proposition Suppose that the series 2; τι a, converges. Then, for each 
natural number JN, the series 2; =n a, converges and 


Σ᾽ a,70asN>%, 


n=N 


This result is often referred to by saying that the ‘tail’ of a convergent series 
tends to zero. The proof is easy. 


6.12 Series and Cauchy sequences 

In the series we have studied so far, we have either been blessed with a 
nice formula for the partial sums (examples 6.2 and 6.3) or else the partial sums 
increased and so we only had to consider whether or not the partial sums were 
bounded above (theorems 6.5 and 6.6). What should we do in the absence of 
such favourable conditions? We ask the question: is the sequence of partial sums 
a Cauchy sequence? This question has some fruitful answers as we shall see be- 
low. 


6.13 Theorem Suppose that (a, is a decreasing sequence of positive num- 
bers such that a, > Ὁ as ἢ > °°, Then the series 


2 ἘΞ 8 le ἢ = @—d,+d3—ad4t... 


converges. ᾿ 


Proof We show that the sequence (s,,) of partial sums of the series is a 
Cauchy sequence. From theorem 5.19, it then follows that the series converges. 
The proof depends on the fact that, for each n > m, we have the inequality 


OS γι εἰ τ ἄπι..2 t+ ms3 τ... dn S Om ει 


This follows easily from the fact that a; — a, , is always non-negative because 
(a;,) decreases. 

Let ε > 0 be given. Since a,, > Ὁ as nm ~ οὐ we can find an NV such that, for any 
n> WN,a, <<. But for anyn >m>N, 


=F lam+1 —@m+2 + Oms3 —--- En 
Ξ 3,141 ΞΕ (because m > WN). 


Thus (s,,) is a Cauchy sequence and the theorem follows. 
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6.14 Example We saw in theorem 6.5 that the series 27, 1/n diverges. But 
it follows from theorem 6.13 that the series 


on ἜΦΕ Π-1 ] | | 
ee Fe 
n=1 ἢ 2 3 4 5 


converges. Of course, theorem 6.13 yields no clue as to what the sum is. (It is, in 
fact, log,2.) 


Theorem 6.13 is sometimes useful, but its hypotheses are rather restrictive. A 
more useful theorem is the following. 


6.15 | Theorem (comparison test) Let =~, θη be a convergent series of posi- 
tive real numbers. If 

Mas pe Gh, 212.4) 
then the series 2, =, a, converges. 


Proof Let e > 0. Since oe =; 5, converges, its tail tends to zero (prop- 
osition 6.11). Hence we can find an NV such that, for any n > N, 


2 bp < €. 


k=n+1 


Let the sequence of partial sums of the series Σπ - a, be (86). Then, if 
n>m>N, 


iy Sal = ei tae +... +8) — fer Ἐπ +2 Fall 
= Way Τἄ 0 er “ἢ ia. 
S ldmailt ldmsol+...+la,l (triangle inequality) 
S bmaitOmsgt... Ἔ bp 
= y fete: 
kR=n+1 
Thus (s,,) is a Cauchy sequence and the theorem follows. 
Note that the hypothesis |a,,| << b, (uv = 1, 2, .. .) can be replaced by 


\a,|< Hb, (n =N,N+1,...). (Why?) Note further that the hypothesis of the 
comparison test is not 


π A 
2. ap <= >” Dp. 
R=1 R=] 


This condition is satisfied by a, = (— 1)" and b;, = 1/k?, but we know that 
En-1(— 1)" diverges. 
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6.16 Example Prove that, if α is any positive rational number and in| =. 
then the series 


os 
τὰ nex" 
n=1 


converges. 
Proof From exercise 4.20(5) we know that n°**x" > 0 asn > &, 
Hence the sequence (n** *x”) is bounded (theorem 4.25). It follows that, for 
some A, 
wats Ala = 1,2; «.). 
Since the series ©7_, 1/n* converges (theorem 6.6), the result follows from 
the comparison test. 


The next two propositions are sometimes helpful. We indicate only very brief- 
ly how they are proved. 


6.17 Proposition (ratio test) Let X=; ἄρ be a series which satisfies 


τ ἰρεύνοῖε 
If / > 1, the series diverges and, if /< 1, the series converges. 


If /< 1, we may take ε Ὁ so small that 1 + e< 1. Then, for a sufficiently 
large value of JV, 


a dn -j aN +2 =f 
Rat Le pst κων! a ay | OF ey Nan « 1]. 


la@,| = 


3 ὦ 


@n-11|4n-2 an +1 
The series 2,,-, a, then converges by comparison with the geometric series 
Σ κει (+ εὐ". If] > 1, a similar argument shows that the terms of 2,=) dn do 


not tend to zero and so the series diverges. 


6.18 Proposition (nth root test) Let ΣΦ εἰ a, be a series which satisfies 


lim sup la,|"" = 1. 


Mh -Ἔ oo 


If] >1, the series diverges and, if / << 1, the series converges. 


If <1, we may take ε > 0 so small that 1 + ε - 1. Then, for a sufficiently 
large value of V, 
lani<(+e)" (n>N)_ (exercise 5.15(4)) 


and the convergence of 7, a, follows from the comparison test. If] > 1, eis 
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chosen so that / —¢ > 1. Then, for some subsequence (a,,,), 
la@n,,| > (1 — €)"* > οὐ as k > 0 


and so the terms of 2;'., a, do not tend to zero. 


Note that if the expressions of propositions 6.17 and 6.18 diverge to + °% 
(instead of converging to ἢ, then the series diverge. If / = 1 however the results 
yield no information about the convergence or divergence of the series at all. 


6.19 Example Prove that the series 
εἰ nl 


converges for all values of x. 


Proof We could use the comparison test. Alternatively, if x #0, 


xn x" 
(n +1)! / a! 


and hence the series converges by the ratio test. 


6.20 Absolute and conditional convergence 


A series Dy=1 Gp is said to converge absolutely if the series Zp =; |an| 
converges. A series which converges but does not converge absolutely is said to 
be conditionally convergent. 


6.2] Theorem Every absolutely convergent series is convergent. 


Proof Simply take b,, = |a,,| in the comparison test. 


6.22 Examples 


n-1 
(i) Let a, = συ (yn =1,2 ). Then 
fl 
26 o (-- 1} } Bak ἢ 
= ---1-τ- --- τ 
p> "0 es i 2 3 4 
= ΖΞ 1 1 
= —=]+—-+—+—+ 
2 lan Fino) Η 2 3 4 
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The first of these series converges (example 6.14). The second diverges (theorem 
6.5). We conclude that the series 


oa (-- iy? 
n=l Fl 


is conditionally convergent. 
(ii) On the other hand the series 


δ ὦ, al) a 
» ΩΝ 2, n> 


is absolutely convergent because 


which converges. 


It should be noted that the comparison test, the ratio test and the nth root 
test all demonstrate absolute convergence. The only criterion we have given 
which can establish the convergence of a series which is only conditionally con- 
vergent is theorem 6.13 


6.23 Manipulations with series 


Series are ‘infinite sums’. It would therefore be optimistic to expect to 
be able to manipulate them just like ‘finite sums’. Indeed, only absolutely con- 
vergent series may be freely manipulated. If one tries to obtain results by 
manipulating divergent or conditionally convergent series, only nonsense can be 
expected in general. 


6.24 Example Consider the following argument. 
0O=0+0+0+... 

(te ΠΡ 1 2 es 

Se Pat Si aT ee. 

Se eed ea ee Pe a 

= 1] 0 Ἐ 0 ἜἘ0 Ἐπ... 

Ξε 1. 
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The error is not hard to find. The series 1—1+1—l+1—l1+...is 
divergent. (Its terms do not tend to zero.) 


6.25 Example We know that the series 
1—44+4-—3+4+4-24+4-... 


converges conditionally. Denote its sum by s. We rearrange the order in which | 
the terms of the series appear and obtain 


[—}-}4+4-2-44+4-h-bth-... 
Let the mth partial sum of this series be ¢,,. Then 


al 3 4 3  Qe—1 42-2 4 
1 
= (1+—4+..4¢ πε: : 
3 2n -- 1 2 8 4n -- 2 
δ ἢ : 
Reg) roe Seen a τς 
Ε 8 4n 
| Ι 1 om 1 
=t1+—+...+ ἘΞ i ea 
3 2n— | 2 3 —] 


> fs 85 ἢ -Ὁ οὐ, 


Notice that the finite sum for f3,, can validly be rearranged in any way we like. 

Since f3n41 — tan 7 0 asm > and f3,42—f3, Ὁ 0 asn > ©, it follows that 
the rearranged series converges to 4s which is mot the same as the sum s of our y 
original series (because s # 0). | 


6.26 Exercise | 
(1) Using partial fractions, prove that 


ca 3n -- ἢ Ν | 
a n(nt+1)\(n+2) — | 


(2) If <a, and (B,,) are two sequences of positive terms and 


(3) 


(4) 


(5) 


(6) 
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d,. 
"> Jasn +o 


by 
where ἰ # 0, prove that the series 


s a, and τ by, 
m=1 n=1 


either both converge or both diverge. 
Discuss the convergence or divergence of the series 
G22) ete Olay 

n=1 2n n=1 an! n* at 
Suppose that (a, is a decreasing sequence of positive terms such that 
YF, a, converges. Prove that na, > Ὁ asm -Ὁ οὐ, [ Hint: consider 
Anat ἄμ... Set 42n.| 
Let (7,,) denote the rational nunnbers from (0, 1) ΗΠ in the 
sequence whose first few terms are 4, 4, 4, 3, 2,3, . . . Prove that the 
series 


Σ τ 
ΞΊ 


diverges. 
Determine whether or not the following series converge or diverge. 


(n!)? (nt)* eee a 
(i) 2 om Ὁ ps om = ca 


"ἢ 


(iv) ΘῈΣ ἢ : "ἧς: ἔνι + 1) -- νὴ) 


n=] 


ool! i τ ' 
ΟΌΣ 
n=1 
If the sum of the conditionally convergent series 


ἐπε τ σε τε- 
is 5, prove that the sum of the rearranged series 
L+4-}4+h4h-24b44— 


is 25. | Hint: ἢ fae 2 --  .--- . + Ι . 
In = rsrpiimnaia Thal 7 ΒΕ 
: uy Te 4n—-3 4e—-1 2n 


---  -- 


7 FUNCTIONS 


7.1 Notation 


A function f from a set A to a set B (write f: A > B) defines a rule 
which assigns to each x © A a unique element y © B. The element y is called the 
image of the element x and we write y = f(x). 

When A and # are sets of real numbers we can draw the graph of the function 
as in the diagram below. The defining property of a function ensures that each 
vertical line drawn through a point of A cuts the graph in one and only one 
place. 


If f isa function from A to B and S C A, we say that f is defined on the set 
δ. The largest set on which f is defined is, of course, the set.A. We call_A the 


domain of f. For example, ἃ sequence is a function whose domain is the set N 
of natural numbers. 


64 


Functions 65 


If f is defined on a set S, we use the notation 
f(S) = {f(«):x€ 5) 


and say that f(S) is the image of the set S under the function /. 
The set f(A) is called the range of f. Note that f(A) need not be the whole 
of B. 


he Example Consider the equation y = x”. This defines a function from 
R to itself. For each x € R there exists a unique y © R which satisfies the rule 
y =x’, Observe that, in the diagram below, each vertical line cuts the graph in 
one and only one place. 


The domain of this function is R. The range is [0, °°). The image, for example, 
of the set [—2, 1] is [0, 4]. (Why?) 


73 Example Consider the equation y? = x. This does nor define a func- 
tion from R to itself. In the diagram below, the vertical line drawn through the 
point χοὸ does not meet the graph at all, and hence there is no value of y associ- 
ated with Xo. 


7.4 Example Again consider y? = x. Does this define a function from 
[O, °) to R? Again the answer is mo. This time it is certainly true that every 
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vertical line drawn through a point of [0, 99) meets the graph (see $1.9). But all 
but one of these vertical lines meets the graph in fwo points. Thus, in the dia- 
gram, there is not a unique value of y associated with x,. 


7.5 Example Again consider y? = x. This does define a function from 
[0. oo) to [0, 02), 


[Q, 29) 


[O, 28) 


Since y must be in [0, °°) we omit from the diagram the part of our previous 
graphs which lies below the x-axis. Then every vertical line drawn through a 
point of [0, 99} meets the graph in one and only one point (see $1.9). Thus, 
given any x & [0, °°), there is a unique y € [0, ©) which satisfies y* = x. Thus a 
function f is defined from [0, °) to [0, 99). Recalling the content of §1.9, we 
observe that, for each x = 0, 


f(x) = Vx. 


7.6 Polynomial and rational functions 
If ao, 4, @2,...a@, are all real numbers, then the equation 
Y = dg tayx + ἀνα +...+4,,x" 


defines a function from R to itself. Any value of x which is substituted on the 
right hand side generates a unique corresponding value of y. If a, #0, we call 
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this function a polynomial of degree n. A polynomial of degree 0 is called a 
constant, 

Suppose that P and Q are polynomial functions. Let S denote the set R with 
all the values of x for which O(x) = Ὁ removed. (If Q is of degree m, it follows 
from exercise 3.11(3) that there can be at most m such values.) Then the equa- 
tion 
_ P@) 

Q(x) 


defines a function from S to R. Such a function is called a rational function. 


Le 


5 = Ξ = ; 


73 Example The function from R to itself defined by the equation 
y =x? — 3x? + 2x is called a polynomial function of degree 3 (or, more loosely, 
a ‘cubic polynomial’). Its graph is sketched below. 


7.8 Example Let S be the set R with 2 and —2 removed. Then the equa- 


tion tut 
x 
= - nyt oie ef 


defines a function from S to R. Its graph is sketched below. 


Sa "τῷ — —— a τι -.--.. -- ---- — So 


=a a SS SS a eS τῷ" -- SS SS ὰὦ ὑ- 
τωῦ 
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68  ΡὨΜΟΠΟΗΣ 
7.9 Combining functions f:A— Bhas an inverse function Κ᾽ ἢ: B> A if and only if each b € B is the 
We begin with some almost obvious notation. If SC Rand f and g are image of a unique a € A. (Otherwise Κ΄ ‘ could not be a function). A function 
two functions from S to R, then we define the function f+ g to be that func- which has this property is said to be a J : 1 correspondence between A and B. 
tion from S to R which satisfies In geometric terms, a function f: A > B isa 1: 1 correspondence between A 
3 | = ὦ and B (and hence has an inverse function Γ᾿: B > A) if and only if each vertical 
90. 665. line through A meets the graph of f in one and only one point (which makes fa 
Similarly, if 15 any real number, we define Af to be the function from S to R function) and each horizontal line through B meets the graph of f in one and 
which satisfies only one point (which makes f~* a function). 


AS)@&) = Aff) WES). 
Again, we define the functions fg and f/g by 

(fg)(x) = f(x).g) ES) 

(f/e)) = Feige) @ES). 


For the latter definition to make sense, of course, it is essential that g(x) #0 
for allx © S. 

A somewhat less trivial way of combining functions is to employ the oper- 
ation of composition. Let S and T be subsets of R and suppose that g: S> T 
and f: T+fR. Then we define the composite function fo g:S > Rby 


fo g(x) = f(ex)) ES). 


Sometimes fo gis called a ‘function of a function’. 


712 Example Let f:(1,°)— (0, 1) be defined by 


7.10 Example Let f: R-> R be defined by 
2 Se ¥ 


: (xER) 


f(x) = + 
and let γ᾿ R> R be defined by 
Bix) = αὶ 
Then fo g: R>R is given by the formula 
(7-1 _ x=1 rie 
fox)? +1 x 41° 


fo gx) = f(e(x)) = 
It seems clear from the diagram that f is a 1 : 1 correspondence between 

(1, ©) and (0, 1). Thus it has an inverse function. To prove this we must show 

that, given any y satisfying Ὁ - ν < 1, there is a unique x > 1 which satisfies 


7.11 Inverse functions 


Suppose that A and Β are sets and that f is a function from A to B. . y= δ τον ! (1) 
This means that each element a ἘΞ A has a unique image b = f(a) € B. x+ I 
We say that Κ᾽ is the inverse function to f if f is a function from B to A This is easily accomplished by solving (1) for x. We obtain 


which has the property that x = f-'(y) if and only if y = f(x). 
Not all functions have inverse functions. In fact, it is clear that a function yxt1)=x-1 
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| 
; κι}: 1), Ξ. Ξ bp Ι 
| l+y 
=, 2 
= " , 
Thus, if y satisfies Ὁ < y < 1, there is a unique x > 1 which satisfies (1) — f94 2 


namely, that given by (2). We have established the existence of an inverse func- 
tion f-': (0, 1) > (1, ©). It is given by the formula 


ἀντὶ ας ἐν (0. 1) 
Ὄπ εξ. σὴ 


It may or may not be true that, for some & € S, f(E) = B. If such a value of & 
does exist, we say that B is the maximum of f on the set S and that this maxi- 


(1,22) mum is attained at the point ἕ. 
| ! 
| 
a Ι 
Ι Ι 
! ! 
| 
| | 
| | f attains a maximum of B at 
: | the point ξ on the set ὁ. 
i Ι 
| ! 
ἜΝ 
| 
0 Ἢ Ἵ Similar remarks apply to lower bounds and minima. If a function f is both 
aie ae a bounded above and below on the set S, then we simply say that f is bounded on 
ἔπ} the set S. From proposition 2.3 it follows that a function f is bounded on ἃ set 
It is instructive to observe how the graph of x = f~*( y) is related to that of ᾿ S if and only if, for some Κὶ, it is true that, for any x © 5, 
y =f(x). If(x)| < K. 
7.13 Bounded functions 7.14 Example Let f:(0,°)—> Rbe defined by 


Let f be defined on S. We say that f is bounded above on S by the 


| Ϊ 
upper bound Η if and only if, for any x € S, f(x) = = (x > 0). 


<= H. | 
Ie) This function is unbounded above on (0, 1]. It is, however, bounded below on 
This is the same as saying that the set (0, 1] and attains a minimum of | at the point x = 1. 
F(S) = (f(x): x ES} 
is bounded above by H. 


If f is bounded above on S, then it follows from the continuum property 
that it has a smallest upper bound (or supremum) on S. Suppose that 


B = sup f(x) = sup f(S). 
xEs 
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7.15 Example Let f: R>R be defined by f(x) =x. This function is | Explain why f has no inverse function. If, instead, we use the formula 
bounded above on both the sets (0, 1) and [0, 1] and in both cases its supremum y =x? to define a function g: [0, 99) > [0, °°), show that g™': [0,99] > 
is 1. But f has no maximum on the set (0, 1). There is no & satisfying 0 <& «1 [0, 99} exists and that 


for which f(£) = 1. On the other hand, f attains a maximum of 1 at the point y=) τ 
x = 1 on the set [0, 1]. 
(5) A function g: A > Bisa 1:1 correspondence between A and B. Prove 
| that 
2 ) (gt ogx)=x (Ἑ 4) 

Gii)gog"(y)=y (ΕΒ). 

To what do these formulae reduce when g is as in question 4? 

(6) Let f and g be bounded above on S. Let c be a constant. Prove that 


(i) sup {fGe) Ὁ οὐ τ- + sup F(x). 
xs xES 


oD [0,1] υ () ΜΡ ἱΓ0) + g(x); < SUP f(x) + 885 g(x). 


Give an example to show that equality need not hold in (ii). 


7.16 &xercise 
(1) Draw a diagram illustrating the set of all (x, y) such that 
5 ifxs1 
| ἘΠῚ 
£ Hal: 
Explain why this is a graph of a function from R to itself. What is the 
range of this function? What is the image of the set [1, 2] under this 
function? 
(2) Draw a diagram illustrating the equation 


Ix|+lyl = 1. 


[Hint: consider each quadrant separately.] Explain why 
(i) the equation does not define a function from R to itself; 
(ii) the equation does not define a function from |—1, 1] to itself; 
(iii) the equation does define a function from [—1, 1] to [0, 1]. | 
(3) Let f: [0, 1] + [0, 1] be defined by Ὶ 


f(x) = = (0<x<1) 


and let g: [0, 1] > [0, 1] be defined by 
g(x) = 4x(1—-x) (OS x <1). 


Find formulae for fo g and go f and hence show that these func- 
tions are not the same. 
Show that f~' exists but that g™! does not exist. Find a formula for | 
ae | 
(4) The formula ν = x? may be employed to define a function f: R>R . 
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8.1 Limits from the left 
Suppose that fis defined on an interval (a, b). We say that f(x) tends 


(or converges) to a limit 1 as x tends to b from the left and write 
[ΟΡ δ χ >? — 
or, alternatively, 
lim f(x) =! 
x—7b- 


if the following criterion is satisfied. 


Given any € > 0, we can find a ὃ > 0 such that 
(f(x) -—Il<e 


provided thatbh—-8< x <b. 


The number | f(x) —/| is the distance between f(x) and /. We can think of it 
as the error in approximating to / by f(x). The definition of the statement 
f(x) 1 as x > b—then amounts to the assertion that we can make the error in 
approximating to / by f(x) as small as we like by taking x sufficiently close to b 
on the left. 


8.2 Limits from the right 


Suppose again that fis defined on an interval (a, b). We say that f(x) 
tends (or converges) to a limit / as x tends to a from the right and write 
fix) iasxe +. 
or, alternatively, 
lim f(x) =! 
x a+ 


if the following criterion is satisfied. 


74 


εἰ -: 
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Given any e > 0, we can find a 6 > Ὁ such that 


f(x) ἢ Ξε 
provided thata<x<art6é. 


8.3 f@x)>lasx7§ 
Suppose that fis defined on an interval (a, b) except possibly for some 
point £ Ε (a, b). We say that f(x) tends (or converges) to a limit / as x tends to & 
and write 
f(x) +lasx>é 
or, alternatively, 
lim Je) Ξε ἰ 


if the following criterion is satisfied. 


Given any € > 0, we can find a 6 > 0 such that 


f(x) —l'<e 
provided that 0 - |x —é| <6. 


If α and B are real numbers, it is often useful to note that the inequality 
[αἱ < 6 is equivalent to —6 < a < 8, or, what is the same thing, -B<—a<8 
(see exercise 1.20(1)). 
Thus, in the definitions above, the condition | f(x) —/| < € can be replaced 
throughout by —e < f(x) —/<e or, alternatively, by -- ε </—f(x)<e. 
Similarly, the condition 0 < |x — &| <6 in the last definition is equivalent to 
the assertion —5 <x —£ <6 andx #£. Thus to say that 0 < |x —&| <4 is to 
say that x satisfies one of the two inequalities --ὃ <x <Eor§<x<é+6. 
With the help of the last remark it is easy to prove the following result. 


5.4 Proposition Let f be defined on an interval (a, b) except possibly at a 
point ξ € (a, b). Then f(x) -Ὁ 1 as x > ξ if and only if f(x) >] asx > §—and 
fixjrtax +e +. 
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&5 Example Let fbe the function from R to itself defined by 


Then 
ὦ lim fe)=0 (Ὁ lim, 70) = 2. 
Note that it follows from proposition 8.4 that 
lim, 70) 
does not exist even though f(1) is perfectly well defined (f(1) = 0). 


Proof (i) f(x) > 0 as x + | —. Given any e > 0 we must show how to 
find a ὃ > 0 such that 


If(x) —Ol<e 


provided that 1 —6 <x <1. Since we are only concerned with values of x 
satisfying x < 1, we can replace f(x) by 1 —x. The condition | f(x) —0|<e 
then becomes |1 — x | < € which is equivalent to —e¢ <x —1<e. Adding 1 
throughout, we see that | f(x) —0|< eis the same as 1 —e<x<l1lte. 

The problem is now reduced to the following. Given any ε >.0, finda ὃ >0 
such that 


l—-exx<lt+e 


provided that 1 —8<x< 1. 

Obviously, the choice ὃ = ε suffices to make this true and this completes the 
proof that f(x) +0 asx -Ὁ 1 --, 

(ii) f(x) > 2 as x > 1 +. Given any ε > 0, we must show how to find a5 >0 
such that 


lf) =-2|<e 


provided that 1 << x < 1 Ὁ δ. Since we are only concerned with values of x 
Satisfying x > 1, we can replace f(x) by 2x. The condition | f(x) — 2| < e then 
becomes |2x — 2] < € which is equivalent to — ε < 2(x — 1) <e. Thus 
If) — 2] < eis the same as 1 —4¢<x<1+4e. 
The problem is now reduced to the following. Given any e > 0, findad >0 
such that 
1—te<x<1lthe 


provided that 1<x<1+6. 
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Obviously, the choice ὃ = ξε suffices to make this true and this completes the 
proof that f(x) > 2 asx > 1 τ. 


8.6 Continuity at a point 

In the definition of f(x) > 1 as x > & given in §8.3, consideration of 
what happens when x actually equals £ was carefully excluded. When taking 
limits we are only interested in the behaviour of f(x) as x tends to ἕ not in what 
happens when x equals &. 

Thus it is quite possible for f(x) to tend to a limit / as x tends to ξ even 
though f(x) is not defined at the point ἕ (see exercise 8.15(3) below). And, even 
if f(£) is defined, it is not necessarily true that / = f(€) (see exercise 8.15(2) 
below). 

Having said this, we can now turn to the definition of continuity at a point. 

Suppose that fis defined on an interval (a, b) and ἕ € (a, b). Then we say that 
fis continuous at the point ἕ if and only if 


f(x) > FE) as x > &. 


Roughly speaking, to say that fis continuous at the point € means that the 
graph of f does not have a ‘break’ at the point ἕξ. 

If fis defined on an interval (a, 8] and f(x) > f(b) as x > b—, we say that fis 
continuous on the left at the point b. If fis defined on an interval [a, b) and 
f(x) > f(a) as x > a+, then we say that fis continuous on the right at the point 
a. 


FEY 


f continuous at £. f continuous on Ff continuous on 
the left at 4. the right at a. 


ey Example For any real numbers ἃ and 6, the function f: defined by 
fe) = ox +6 
is continuous at every real number é. 


Proof Assume a # 0. (If a= 0, the proof is even easier.) Let e > 0 be 
given. Choose ὃ = e/|a|. Then, provided that |x -- ξ] « ὃ, 


if) -- ΚΕῚ = late -- ΕἼ = lal.lx —El<lal-6 = ε. 
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Given any e > 0, we have found a 6 > 0 such that |f(x) —f(€)| < e provided 


that |x —£|<6. Hence f(x) > f(£) as x > = andso fis continuous at the point £. 


Note that we showed that | f(x) —/f(&)|< e€ ‘provided that |x -- ξὶ - δ᾽ 
instead of ‘provided that 0 < | x — &| <6 as appears in the definition of f(x) / 
as x > &. This is because, when x = £, it is automatically true that | f(x)—f(£)|<e 
because then | f(x) — [(ξ}} = 0. It is only when we are considering a limit / # f() 
that it is important to exclude the possibility that x = ἕξ. 


8.8 Connexion with convergent sequences 


8.9 Theorem Let fbe defined on (a, b) except possibly for ἕ € (a, δ). Then 
(x) > las x > ξ if and only if, for each sequence (x,,) of points of (@, δ) such 
that x, #&(n =1,2,...)andx, > £ 85 ἢ > ©, it is true that f(x,,) >] 85 ἢ -Ὁ ©. 


Proof (i) Suppose first that f(x) τὸ / as x > £. Let e > Ὁ be given. Then 
we can find a ὃ > 0 such that | f(x) —/| < ε provided that 0 < |x —£| <6. Now 
suppose that (x,,) is a sequence of points of (a, b) such that x, #£(n = 1, 2,...) 
and x, > — asm > ©, Since 6 > 0 we can find an NV such that for any n > N, 

Ix, —&| <6. Butx, #& (nm = 1, 2,...) and so 0 < |x, —£| <6. But this implies 
that 

fix) —ia<e. 


Given any € > 0, we have found an NV such that, for any n > N, 
6} —l| < e. Thus f(x,,) >] asin > οὐ, 

(ii) Now suppose that, for each sequence (x,,) of points of (a, b) such that 
Xn Ἐξ (η ΞΕ 1,2... Ὁ andx, τὸ £ asn >, it is true that f(x,) >~lasn>@, 
We now suppose that it is nor true that f(x) > 7 as x > ὃ and seek a contra- 
diction. 

If it is nor true that f(x) > 1 as x > δ then, for some e > 0, it must be true 
that for each value of ὃ > Ὁ we can find an x satisfying 0 < |x — £| - ὃ such that 


[f(x) -- [3 ε. 


In particular, if 6 = 1/n, then we can find an x,, satisfying 0 < |x, —£|<1/n 
such that 


If@&n) — 4 = Ε. 


But then (x,,) is a sequence of points of (a, δ) such that x, #£(n = 1,2,...) 
and x,, > ξ asm > οὐ but for which it is mor true that f(x,,) >] as n > ©. This 
contradicts our assumption above. 


Similar results to theorem 8.9 hold for convergence from the left or right. For 
example, f(x) > 1 as x τὸ b —if and only if, for each sequence (x,,) of points of 
(a, b) such that x, > b asn >, it is true that f(x,) >] asn > ©. 
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8.10 Example We show how theorem 8.9 can be used to prove that the 
function f: RR defined by f(x) = ax + 8 is continuous at every point & (see 
example 8.7). 

Let (x,,) be any sequence of real numbers such that x, > ξ asm > 99, By 
proposition 4.8, ax, + 8+ at + Basn > %. From theorem 8.9 it follows that 


ax + 6> at + Bas x -Ὁ ἕ and this concludes the proof. 


,. = f(x) =ax +p 


ὦ SS Ὡς Ὁ τσ 


8.11 Properties of limits 

The following propositions are analogues of the combination theorem 
and the sandwich theorem of chapter 4. They are easily deduced from these 
results with the help of theorem 8.9. 


8.12 Proposition Let f and g be defined on an interval (a, b) except possibly 
at ξΕ (a, b). Suppose that f(x) -Ὁ 1 asx > £ and g(x) > m as x > & and suppose 
that \ and p are any real numbers. Then 

(i) Af(x) + pee) > Al + um asx > ἕ 

(ii) ΓΟ): 0 1) +m asx τὸ ἕ 

(iii) f(x)/g(x) -ὸ {πὶ asx τὸ (provided m #0). 


An important consequence of proposition 8.12 is the following result which 
we quote as a theorem. 


8.13 Theorem A polynomial is continuous at every point. A rational func- 
tion is continuous at every point at which it is defined. 

Proof Example 8.7 shows that x > ἕξ as x > &. Repeated application of 
proposition 8.12(ii) then shows that x" + ἘΝ asx > Ἑ for each ΚΕΝ. 
Hence, if 

POY = a νυ Fs Page Ὁ νυ. 
then a repeated application of proposition 8.12(i) yields P(x) > P(é) asx > &, 
i.e. Pis continuous at E. 

To show that a rational function is continuous wherever it is defined we 

appeal to proposition 8.12(iii). 


δῦ Limits of functions 


) 5.14 Proposition (sandwich theorem) Let f, g and h be defined on (a, b) 
except possibly δἱ ξ Ε (ὦ, b). Suppose that g(x) >lasx > ἕξ, π(Χ) Ὁ} 5 χ τὸ ἕ 
and that 


g(x) S f(x) h(x) 
except possibly when x = &. Then f(x) ~lasx > é. 


Note The analogues of propositions 8.12 and 8.14 for convergence 
from the left or right are both true. 


8.15 Exercise 
(1) Calculate the following limits 


ἬΝ vee tea a a [xB + 5x% 49 
ὦ “πε Ξ τ (ii) ἐπι | 3x23 + 7 | | 
(2) Let f: R—> R be defined by 


3-x @&>1)) 
fa) =(1 (x = 1) 
2x (<1); 


Show that f(x) > 2 asx > 1 — and f(x) > 2 as x > 1 + using only the 
definitions of §8.1 and $8.2. Deduce that the limit 


Jim 70) 


exists but is not equal to f(1). Draw a graph. 
(3) Let fbe defined for all x except x = 0 by 


2. 
fe) = 855) Ὁ 
x 


(x #0). 

Prove that f(x) > 2 as x > 0 even though (0) is not defined. 

(4) Use the definition to show that |x — £| > 0 asx > £. A function fis 
defined on an open interval which contains £ and, for each x in this 
interval, f(x) lies between & and x. Prove that f(x) > £ asx > &. 

(5) Letn EN. Prove that the function f: [0, °) > R defined by 


fx) = x" (30) 


is continuous at each ἕξ > Ὁ and continuous on the right at 0. [Hint: 
Use the sandwich theorem and exercise 3.11(2) to prove that fis con- 
tinuous at ξ >0. For continuity on the right at 0, appeal to the defi- 
nition of f(x) +0 asx > 0 +.] 

(6) Suppose that f(x) >/as x > £. If />0, show that, for some h > 0, 
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[αχ-»ο 
provided that ἕ --ἰ <x <£+h ἀπά x #&. What happens if (i) 7 <0, 
(ii) / = 0? 


um Σο7ο7ὕοὋροΡ᾽. τ ΓΓΠΓ΄΄ἷἝἽ“ἿἷἿὙ΄ ΕΘ — a ; 


8.16 Limits of composite functions 
Suppose that /(v) > / as y > ἢ and that g(x) > ἢ as x > &. It is tempting 
to write y = g(x) and conclude that 


fle) > tas x > é. 


But some care is necessary. Consider, for example, the functions f: R>R 
and g: R-> R defined by 


Then f(y) > 2 as y > 1 and g(x) > 1 asx > 0. But it is mor true that f(g(x)) > 2 
as x > 0 because, for ali values of x, f(g(x)) =f) = 3. 


6.17 Theorem Suppose that f(y) > / as y > ἢ and that g(x) > ἢ asx > &. 
Then either of the two conditions below is sufficient to ensure that 


ΕΟ.) > Lasx > &. 
(i) fis continuous at 7 (i.e./ = f(n)). 
(ii) For some open interval / containing &, it is true that g@) #7 for any 
x €J, except possibly x = &. 
Proof Let € > Ὁ be given. Since f(v) >/ as y > ἡ, we can finda A > 0 
such that | f(v) —/| < provided that ὃ - ὃν -- ηἱ <A. 
Writing y = g(x), we obtain 


Ife) —A<e (1) 
provided that 
0<\g(x)—nl<A (2) 
But g(x) > ἢ as x -Ὁ E and A > 0. Hence we can find a ὃ > 0 such that 
ig@)—nl<A (3) 
provided that 
0 «|χ --Εξἰ “δ. (4) 


We would now like to say that (4) implies (3), which implies (2), which in 
turn, implies (1). This would complete the proof. But notice that (3) does not 
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imply (2) in general. We therefore need to use one of the hypotheses (i) or (ii) of 
the theorem. 

If we assume that fis continuous at ἡ, then / = f(n) and so |f(v) —1| <e even 
when y = ἢ (see the remarks at the end of example 8.7). Thus, in this case, we 
may replace condition (2) by condition (3) and the argument described above 
goes through. 

If instead we assume hypothesis (ii), then we can be sure that g(x) # ἢ pro- 
vided that x satisfies (4) for a sufficiently small value of 6 > 0. But then con- 
dition (3) can be replaced by condition (2) and the argument goes through again. 


8.18 Divergence 
We write down two sample definitions. The reader will have little diffi- 
culty in supplying the definitions in other cases. 
We say that f(x) > + asx > £+ if, given any ἢ >0, we can findaS >0 
such that 
f[@)r 


provided thaté<x<£+6. 
We say that f(x) >] as x > — if, given any e > 0, we can find an ¥ such 
that 
If@) -—il<e 


provided that x <_X. 


SS SS πᾶν τὐδό, δά παν ψδἷΣ. “ὯΝ ὅδὲ ὅδε. ἅτ δ΄, ὅν ἀδὲ ὧδ 


f(x) +00 as χα + 1 SEs rere 


6.19 Example Prove thatx™'>+casx>0O+. 
Proof Let H Ὁ Ὁ be given. We have to find a 6 >0 such that 


] 
-Η 
i 


provided that 0 <x <6. Obviously the choice ὃ = H™ satisfies the requirement. 


a 
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8.20 Exercise 

(1) Prove the following 
(i) x"* +> —easx > ῦ -- 
(ii) x* > + asx > +, 

(2) Suppose that f(y) >/ as y > + and g(x) > + © as x > + ©, Prove 
that f(g(x)) -Ὁ 1 as x > + οὐ, Explain why the difficulties encountered in 
theorem 8.17 do not occur in this case. 

(3) Suppose that f(y) > 1 as y > Ὁ +. Prove that [( Ὁ -Ὁ 1 5 χ 7+, 

(4) Suppose that fis defined on (a, b) except possibly for ξ € (a, b). Let 
(x,,) be a sequence of points of (a, b) such that x, τὸ ξ (nm = 1,2,...) 
and x, > £€asn7>, Let (y,,) be a sequence with the same properties. If 
1m and f(x,) > lasn -ὸ but f(v,) > m as n> ©, show that 


lim, ΓΟ) 
does not exist. [Hint: theorem 8.9] 
(5) Let f: RR be defined by 
[1 (α rational) 
F(x) ἘϑῚ tS Ἂς 
0 (x irrational). 
Show that 
Jim, FO) 


does not exist. 
If fis defined as in the previous question, prove that 


jim, ixf@)} = 0. 


(6 


a 


9 CONTINUITY 


9.1 Continuity on an interval 

A function f is continuous at a point £ if and only if f(x) > f(é) as 
x > & (see §8.6). Geometrically, this means that the graph of f does not have a 
‘break’ or ‘jump’ above the point &. 

To say that f is continuous on an interval 1 should mean that its graph is 
unbroken above the interval J, i.e. that we can draw the part of the graph which 
lies above J without lifting our pencil from the paper. 

A precise mathematical definition is required. This depends on the type of 
interval in question. 


A function f is continuous on an open interval J if and only if it 


is continuous at each point of J. 


Where an endpoint of an interval belongs to the interval, a slightly more com- 
plicated definition is required. The most important case is that of a compact 
interval [a, db]. 


A function f is continuous on a compact interval [a, b] if and 
only if it is continuous at each point of (a, b) and continuous on the 
right at a and on the left at b. 


a 


Γ continuous on (@,6) 


J continuous on [a,6] 


δᾷ 
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Note that, in both diagrams, the graph of f is unbroken above the interval in 
question. 

In general, a function f is continuous on an interval 1 provided that: 

(i) it is continuous at each point of J which is not an endpoint; 

(ii) it is continuous on the right at the left hand endpoint of /, if this exists 
and belongs to /; 

(iii) it is continuous on the left at the right hand endpoint of J, if this exists 
and belongs to J. 


9.2 Examples 
(i) All polynomials are continuous on every interval. All rational func- 
tions are continuous on any interval not containing a zero of the denominator 


(theorem 8.13). 

(ii) Let f: (0, °) > R be defined by f(x) = 1/x. Then f is continuous on the 
interval (0, ©) because it is continuous at each point ἕ satisfying § > 0. 

(iii) Let f: RR be defined by 


χ (e=1) 
3.2 {χΧ»}}. 


Then / is continuous at every point except x = 1. But f is continuous on the 
left at x = 1 and thus f is continuous on the interval [0, 1]. It is not continuous 
on [1, 2]. 


f(x) = | 


9.3 Proposition Let f be defined on an interval J. Then f is continuous on 
Tif and only if, given any x € J and any e€ > 0, we can find a ὃ > 0 such that 


If) -- ΟἹ «ε 
provided that y € J and satisfies |x —y| <6. 
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9.4 Proposition Let Ἃ and yp be real numbers and suppose that the func- 
tions f and g are continuous on an interval /. Then so are the functions 
(i) Af + με 
(ii) fg 
(iii) f/zg (provided g(x) #0 for any x Ε ἢ). 


9.5 Proposition Let g: I~ J be continuous on the interval 1 and let 
f:J—>fR be continuous on the interval J. Then fo g is continuous on 1. 


9.6 Proposition Let f be continuous on the interval J. If &€J and (x,,) isa 
sequence of points of J such that x, > ἕξ asn > ©, then 


f (Xn) > f(—) as n> ©. 


These four propositions are easily proved. The first is proved by an appeal to 
the limit definitions of 8 §8.1, 8.2 and 8.3. The second follows from proposition 
8.2, the third from theorem 8.17 and the fourth from theorem 8.9. The last of 
these results can be remembered in the form 


lim f(%n) = fClim xy) 


i.e. for a continuous function the limit and function symbols can be validly 
exchanged. (We say that the symbols ‘commute’.) 


9.7 Continuity property 

We now come to a theorem which may seem so obvious as to be hardly 
worth mentioning. It is, however, of a fundamental importance comparable to 
that of the Continuum Property of §2.2 and will serve as a foundation stone in 
our development of the calculus in the next few chapters. 


9.8 Theorem (continuity property) 


Let f be continuous on a compact interval [a,b]. Then the image of 
[a,b] under fis also a compact interval. 


[c.d] 


[a,b | 
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We split the content of the continuity property into three lesser theorems and 
prove these separately. Given that fis continuous on J = [a, b], it follows from 
theorem 9.9 that J = f(/) is an interval. From theorem 9.11 it follows that the 
interval J is bounded and from theorem 9.12 that / includes its endpoints. 


9.9 Theorem Let f be continuous on an interval J. Then the image of / 
under f is also an interval. 
Proof To show that J = f(J) = { f(x) :x €/} is an interval, we need to 
show that, if y, and y> are elements of J and y; <A <2, then A EJ (see §2.9). 
Since y, € J and v2 € J, the subsets of / defined by 


S={x:f@<; T= {x:f@)>¥ 


are non-empty. Also, every point of the interval 1 belongs to one or other of 
these sets. It follows that a point of one of the sets is at zero distance from the 
other (exercise 2.13(6)). Suppose that s € Sis at zero distance from 7. Then a 
sequence {ἐμ} of points of T can be found such that ἔῃ > 5. as n > 99 (exercise 
4.29(6)). Since f is continuous on J, it follows that f(¢,,) > f(s) as n >  (pro- 
position 9.6). But 


PGi la = ', 2...) 


and therefore f(s) = A (theorem 4.23). We already know that f(s) <A and so it 
follows that f(s) =A. Hence A GJ. 
A similar argument applies if a point of Tis at zero distance from S. 


9.10 Corollary (intermediate value theorem) Let f be continuous on an 
interval 1 containing a and b. If \ lies between f(a) and f(b), then we can find a 
£ between a and b such that A = f(&). 


Proof The corollary is simply a somewhat clumsy restatement of 
theorem 9.9. 


9.11 Theorem Let f be continuous on the compact interval [a,b]. Then f is 
bounded on |[a, db]. 


Proof Suppose that fis unbounded on [a,b]. Then we can find a 
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sequence (x,,) of points of [a,b] such that 
[11Ὰ.}} Ὁ beeas n> Ξ (1) 


(see exercise 4.29(6)). Since [a, b] is compact, there exists a subsequence (x, ) 


which converges to a point ξ € |a, b| by the Bolzano—Weierstrass theorem (see 


exercise 5.21(4)). Because f is continuous on [a, b], f(%n,) > f() as r > % (pro- 
position 9.6). But this contradicts (1). 


9.12 Theorem Let f be continuous on the compact interval [a,b]. Then f 
achieves a maximum value d and a minimum value c on [a,b]. 

Proof We know from the previous theorem that fis bounded on [a, b]. 
Let d be the supremum of f on [a, b] and consider a sequence (x,,) of points of 
[a,b] such that f(x,) > d as n > © (see exercise 4.29(6)). Since [a, b| is com- 
pact, (x, ) contains a subsequence (x, ) which converges to a point § € [a,b]. 
Because f is continuous on [a, b], it follows that f(x,,) > ἢ (ξ) asr > οο, Hence 
f(&) =d and thus the supremum d is actually a maximum. 

A similar argument shows the infimum to be a minimum. 


9.13 Example The function f:R -Ὁ R defined by 
| 5 (eet) 

Hie 

2 ¢x" 4) 


is not continuous on [0,2]. Observe that 2 = [(0) <4 </f(2) =5 but there is 
no value of £ between 0 and 2 such that f(£) = 4. Note that, for A satisfying 
χα 5. β 


{xf (x)<A} = (22; {xs f(x) >A} = {5}. 


9.14 Example The function f: (0, °)—> R defined by f(x) = 1/x is con- 
tinuous on the open interval (0, 1) but is not bounded on (0, 1). The function 
g: R-> R defined by g(x) =~ is continuous everywhere and happens to be 
bounded on the open interval (0, 1). But g does nor attain a maximum value or 
a minimum value on (0, 1). 


9.15 Example Show that the equation 
ifx’ —19x"°—1 = 0 
has a solution £ which satisfies —1<& <0. 
Proof The function f: R>R defined by f(x) = 17x7—19x°— lisa 


polynomial and hence is continuous everywhere. In particular it is continuous on 
[— 1,0]. Now f(— 1) = 1 and f(0) = — 1. Since — 1 <0 <1, it follows from 
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corollary 9.10, that f(£) = 0 for some 
= between — | and 0. 


9.16 Example Let f: [a,b] > [a,b] be continuous on [a, b]. Then, for 
some ξῈ [a,b], 


f(é) = &. 


Thus a continuous function from a compact interval to itself ‘fixes’ some 
point of the interval. (This is the one-dimensional version of Brouwer’s fixed 
point theorem.) 


Proof The image of [a, b] is a subset of [a,b]. Thus f(a) =a and 
f(b) <b. The function g: [a,b] > R defined by g(x) = f(x) —x is continuous 
on [a,b] by proposition 9.4. But g(a) > 0 and g(b) <0. By corollary 9.10, for 
some ξ ΕΞ [a, 6] it is true that g(£) = 0. Thus f(£) = £. 


917 Exercise 


(1) Each of the following expressions defines a function on (— 2, 2). 
Decide in each case whether or not the function is continuous on (a) 
(— 2, 2) and (6) [0, 1]. In each case draw a graph. 


+3 


2. 
ὦ το) => 


(ii) f(x) = |x—1] 
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τ᾿ -[' αν ον 
(iii) f(x) = E (x >1) (iv) FO) = Ὁ (otherwise) 
ae | ῷ ate). τὰς 1) 
(v) f(x) = fe ἘΠΕ (vi) F(x) = ᾿ (otherwise) : 


Which of these functions are bounded on (— 2, 2)? Which attain a 
maximum on (— 2, 2)? Which attain a minimum on (— 2, 2)? 
(2) A function f is continuous on an interval J and for each rational number 
r &/ it is true that 


iG} = 7%. 
Prove that f(x) =x? for any x €/J. [Hint: proposition 9.6.] 
(3) Show that all polynomials of odd degree have at least one (real) root. 
(4) Suppose that fis continuous at every point and that f (x) -Ὁ Ὁ 85 
x -ὸ +ccand f(x) >0asx ~— οὐ, Prove that f attains a maximum 
value or a minimum value on the set R. 
(5) Let f be continuous on the compact interval J. Suppose that, for each 
ΧΕΙ, there exists a y € J such that 


I f(y) | S31 FQ). 


Prove the existence of a ξ Ε J for which f(£) = 0. [Hint: Bolzano-— 
Weierstrass theorem. | 

(6) Let 1 86 a closed interval and let O<a< 1. Let f: ]>/ satisfy the 
inequality 


f(x) -—f(y) |salx—y| 


for each x ἘΠ and y Ὲ 1. (Such a function is called a contraction map- 

ping). Prove that f is continuous on J. 
Let x, €/ and define χε =f(%,) (ἢ = 1, 2, . . .). Prove that the 

sequence (x, ) converges and that its limit / satisfies / = fC). [Hint: 

exercise 5.21(1).] 
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10 DIFFERENTIATION 


101 Derivatives 
Suppose that fis defined on an open interval 1 containing the point é. 
Then f is said to be differentiable at the point & if and only if the limit 
i fx) —f@) 
no 
LF ee 
exists. If the limit exists, it is called the derivative of fat the point & and denoted 
by f'(&) or Df(é). 
For a function f which is differentiable at £ we therefore have 
! of Aa (x we. 
ΓΘ = jim 9: 9 
ἀπο ee 
Equivalently, we may write 


(+h) —f& 
"ῷ = tin ADO τ 


From an intuitive point of view, to say that a function fis differentiable at é 
means that a tangent can be drawn to the curve y = f(x) where x = ἕξ. The slope 
or gradient of this tangent is then equal to f'(£). This geometric interpretation is 
based on the diagram below. 


Aisi a i a ae 


vy = f(E) +My ΕἸ 


ee ee 


9] 
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In order that the line y = f(€) + [(χ — &) be tangent to y = f(x) where x = é, 
we require that the slope of the chord PQ approach the slope / of this line as 
x > £. The slope of the chord PQ is 


QR _ fx) —-f©®) 
PR dager 
and hence our requirement reduces to 
im LOK «| 
eee. X= E 


as in the definition of differentiability. | 
(Note: It follows immediately from our definition that a function fis differen- 
tiable at £ if and only if there exists an / such that 

fE+h)—fE)—th = off) > 0} (2) 


Here o(h) denotes a quantity which tends to zero when divided by h. This form 
of the definition lends itself more readily to generalisation.) 


102. Higher derivatives 
If fis differentiable at each point of an open interval /, we say that jis 
differentiable on 1. In this case it is natural to define Κ΄ or Df to be the function 
from J to R whose value at each point x € J is f(x). We can then define the 
second derivative f'(£) or D*f(£) at the point & by 
f@-f® 
x—E§ 


provided that the limit exists. Similarly for third derivatives and so on. 


Ὁ = lim, 


10.3 Examples 
(i) Let Ὁ: R>R be defined by f(x) = x*. Then 
ΟῚ = Dx? = 2x 


for all values of x. 


Proof We have 
Pee). ee ee epee een: 
h h h 
(Note that we studiously ignore what happens when hk = 0 — see §8.4. It is as well 
that this is permissible, for the expression 


f(x +h) —f@) 
h 
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is quite meaningless when ἡ = 0.) 
(ii) Let f: (0, ©) > R be defined by f(x) = 1/x (x > 0). Then 


1 Ι 
ων τὸ κὰν: 


for all values of x > Ὁ. 
Proof We have 


fatmafs) {1 1 «τ τὶ 
h ~hlxth x} h|lx@ ta) 


Ι Ι 
Sa ah 
χα ἘΠ) x?- 


104 More notation 


We shall avoid the notation introduced in this section because, when 
using this notation, it is difficult to make statements with a precision adequate 
for our purposes. In many applications, however, it is unnecessary to maintain 
this level of precision. In such cases, the notation described below can be a very 
useful and powerful tool and it would be pedantic to deny oneself the use of it. 

Replace & by x and ἢ by 5x in formula (1) of 810.1. Then 


fe +8x)—f@) _ by 


éx > 06x 


fF) = lim | τῶ 


(3) 


If y = f(x), the quantity ὃν = f(x + 6x) — f(x) is usually said to be the ‘small 
change in y consequent on the small change 6x in x’. 

From formula (3) it is only a short step to the much used (and commonly 
abused) notation 


oe 
f'@) ==. 


This notation has the drawback that it uses the symbol x ambiguously. It is used 
simultaneously as the point at which the derivative is to be evaluated and the 
variable with respect to which one is differentiating. In applications where this 
distinction is unimportant, the ambiguity creates no problems. But, for the 
material of this book, the distinction is important. 

Further confusion is possible when ‘differentials’ are introduced. The differ- 
ential df of a function f may be regarded as the function of fwo variables given 
by 

df(x;h) = f'(x)h. (4) 


Formula (2) can then be rewritten as 
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f(x +h)—f@&)—df@:h) = off) (2>0) (5) 
provided that fis differentiable at x. 
For a fixed value of x, the equation 
k = df(x;h) = [ΟἽ (6) 


is the equation of a straight line. If the A and Καὶ axes are drawn as below, (6) is 
the equation of the tangent to the graph of the function fat the point x. 


k= f(xy 


penta cherie 


| 
i 
Ι 
Ι 
| 
| 
| 
| 
i 
τ 


The reader may justifiably feel that little or nothing has been added to our 
understanding by the introduction of the idea of a differential, the idea being 
more useful when functions of several variables are being considered. Our only 
reason for discussing differentials is to explain the meaning of the equation 


dy = f'(x)dx. 


This is simply equation (6) with the variable ἢ replaced by dx.and the variable 
k replaced by dy. Thus dx and dy should be thought of as variables. The reason 
one chooses this notation is to make the formula 
dy 


es 7 
dy aa (7) 


a valid one. 

It is false that dy denotes ‘the small change in y consequent on a small change 
dx in x’. Formula (5) tells us that this is nearly true for small values of dx but it 
will only be exactly true for functions f with a straight line graph. Should it be 
necessary to discuss ‘small changes in x and γ᾽, the notation 6x and 6y is 
available and one can say that 6y is approximately equal to f'(x)6x. 

Even more false (if that is possible) is the idea that dy and dx are somehow 
‘infinitesimal quantities’ obtained by allowing 5x and ὃν to tend to zero. One 
would then regard 


dy 
dx 
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as the quotient of these quantities and abandon all the apparatus of limits. This 
metaphysical notion is admittedly an attractive one and it is on this idea that 
Newton based his ‘Theory of Fluxions’. Unfortunately it cannot stand up to 
close logical scrutiny. 

(Note: A common error is to confuse the terms derivative and differential. A 
derivative is sometimes referred to as a ‘differential coefficient’ (because of (7) 
above) but should not be called a differential.) 


10.5 Properties of differentiable functions 
10.6 Theorem Let f be defined on an open interval J which contains the 
point ἕ. If fis differentiable at ἕ, then fis continuous at ἕξ. 
Proof We have 
fe)-1® κα 
hom Ὲ 
Hence f(x) > f(£) as x > & and the proof is complete. 


f(x)-f® = -- ἢ» [(ξ) 0 δβχ -Ὁ ξ. 


10.7 Example Let f: ἢ - αὶ be defined by 


fe 1. {331} 
x)= 
'πὶ {πξ 1} 
We can see immediately that fis not differentiable at the point 1 because it is 
not continuous there. 


10.8 Example Let f: RR be defined by 


x . 24) 
er (x < 1). 


Then fis continuous at 1 but not 
differentiable (The graph has a ‘corner’). 
We have 


ey ED. te BE! 


h> 0+ ἢ μ- 0+ h wali 
1+h)—f(l +hy~1 

ἐς οι ἘΞ ως 

ἢ -ὖ - hh ho o- h 


Thus the converse of theorem 10.6 is false. 
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10.9 Theorem Suppose that f and g are defined on an open interval J con- 
taining the point ἕξ. Let ἃ and μ be any real numbers. Then, if f and g are 
differentiable at &, 

(i) DiAft+ yg} = ADf + uDg 

(ii) ΡῈ) = fDg + gbf 

δ -ἢ 

(ii) D f= sai aes (provided g(£) #0) 
at the point &. 

Proof 


@ = {AKE +h) + ug ἘΔ) — FE) — με) 
; Ἶ FH — A) ,. , e+» “a 


> AF'(E) + με΄ (ξ) ash > 0. 


fE + hjgE +h) -fOsE) 


(ii) " 


| 
7 FE t+ Ms +h) —fOsE +h) + fOsE + h)-fOsO5 


fEt+h)—-f@|, g(§ +h) -- ε(ξ) 
eo 


> g(E)f'(E) + fE)g (8) ash > 0. 


(Note that g(é + h) > g(£) as h > Ο because, by theorem 10.6, g is continuous 
at £.) 


(iii) 


g(E +h) 


L\fE+hA) _ aa) _ fE+Me@)—sE+Ml® 

ἢ τ ἘΠ) eg) hg(é + h)g(é) 
wee eee Wee Rl ee a 
. +h)gé) h 


ptt ε =) 


re 


ag (g(t (ξ) —f®eg (ὃ) ash -»" Ὁ. 


10.10 Example If n is ἃ natural number, then, for any x, 
De® τὸ εχ". 

Proof This is obvious when ἢ = 1 since 

thx 


= 1-Ὁ] δβ ἡ -" ῦ. 
ῃ >] as 0 
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Now assume its truth when n = k. Thus Dx" = καὶ". Using theorem 10.9 (ii), 
δια" ἢ = ρα .x) = x¥.14+x.kx*! = (K+ 1)x" 
and the result follows by induction. 


O47 86 Exercise 
(1) Prove that, for any x, 


ec Ne, Geena 
i+x7| (+x?) " 


(2) Ifnmis a negative integer and x #0, prove that Dx" = nx" 
(3) Let f: R-R be defined by 


2x (x = 1) 
x*+1 @&<1). 


-}ὶ 


Prove that fis differentiable at the point 1 and has derivative 2. 
Let g: R > R be defined by g(x) = |x|. Prove that g is not differen- 
tiable at the point 0. [Hint: Consider the right and left hand limits 
separately. | 


(4) A polynomial P of degree n has the property that P(£) = 0 and 
P'(é) = 0. Prove that 
P(x) = α - 5. Ὁ6) 
for all x, where O(x) is a polynomial of degree ἢ — 2. (See exercise 
3.11(3).) 
(5) Let f: R>R ben times differentiable at the point £. Show that the 
‘Taylor polynomial’ P defined by 
, x—~§ ee " 
Pe) = κε p@+ 2S yt. 
GE) i i (n= 1) 
- 
a 1 eae; (ἢ) 


has the property ΡΣ) = f (&) (k = 0,.1,2,..ος, τ- 1). (Note that 
f (&) denotes the derivative of order k at the point ξ.) 

ἱ (6) Let fand g ben times differentiable at the point £. Prove ‘Leibniz’s 
rule’, 


ie. De =>. [7] Do 
J=0 ] 


at the point £. [Hint: Recall the proof of the binomial theorem. | 
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10.12 Composite functions 

The next theorem is usually remembered in the form 

ec ἐπ εἰν 

dx dy αχ᾽ 
10.13 Theorem Suppose that g is differentiable at the point x and that fis 
differentiable at the point y = g(x). Then 

(fog)(x) = Γ[ Ὁ) Ο}. 

Proof Recall that fog(x) = f(g(x)). We therefore have to consider 

fe (x + h)) — flex) 

" . 


Write kK = g(x +h) — g(x). Since g is differentiable at x, it is continuous there 
and sok -Ὁ Ὁ ash 0. Suppose that k #0. Then 


fea th))—-Mee))  fe&@ +h))—f(e@)) g&+h)—s) 


h g(x th)—g(x) ἡ h 
_ FV τ - ἢ) εὖ +h)—s&) 
k h 


It is tempting to deduce the conclusion of the theorem immediately. But care 
is necessary. What happens if, for some values of h, k = g(x +h) —g(x) = 0? To 
get round this difficulty we introduce the function 

\2 + k)—JI0) 
F(k) =| se 
| +o @=0) 
Since fis differentiable at y, F(k) > f'(v) as k > 0. Because F(0) = f'(y), it 


follows that Fis continuous at the point 0. From theorem 8.17(i) we deduce 
that 


(k #0) 


F(k) > ΓΟ) ash +0 


where k = g(x +h) —2(x). 
For k #0 we have shown that 


Sex +h)) — fee) 


g(x +h) —g(x) 
"Ἢ a 5“ 


= F(k). : 


But this equation is also true when k = 0 since then both sides are zero. It 
follows that 


+ h)) — fe 
ας ΡΥ ἫΝ 


and this is what had to be proved. 
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10.14 Example D{\ +x°% = 100(1 +.x°7)” 97x". 
Proof Set f(y) =y'™ and g(x) = 1+.x”’. By theorem 10.13, 
Dil +x°}! = Df(g(x)) = f'E@)s@) 
= 100(g(x))”.97x”° 
= 100{1 + x97? 97x 


10.15 Exercise 
(1) Ifx >Oandn EN, prove that 


1 
Πίχῖπὶ = — xliny-l 
5153 


(Hint: exercise 3.11(6). Recall that the continuity of the nth root func- 
tion was considered in exercise 8.15(5).| 

(2) Use the previous question and the rule for differentiating a composite 
function (theorem 10.13) to show that, for any rational number r, 


Diet =n 


provided that x > 0. 
(3) Evaluate the following derivatives for those values of x for which they 
exist. 


(i) D{L +x1?9°S να + Ve + Vx). 
(4) Suppose that 

pp a 5 2 

ae 6} = rn (f(x)} 

when x = 1. Prove that f'(1) = 0 or f(1) = 1. 


(5) Let f: R->R be differentiable at x. Suppose that 7 admits an inverse 
function Κ᾿: R >R which is differentiable at ν = f(x). Prove that 


PIO) = Dre 


(Hint: f7! o f(x) =x]. The function g: R>R defined by g(x) = ye 
admits an inverse function g'!: R>R.Isg™' differentiable at the point 
0? 
(6) A function f: R>R is defined by 
x (x rational) 
[0) = 
o —x (x irrational). 
Show that fo f(x) = x for all values of x. What may be deduced from 
theorem 10.13? 
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ll MEAN VALUE THEOREMS 


11.1 Local maxima and minima 

Let f be defined on an open interval (a, b) and let ξ € (a, b). We say 
that fhas a /ocal maximum at ἕ if 

f(x) < f&) 


for all values of x in some open interval J which contains £. Similarly for a local 
minimum. 


f has local max at €. fhas local min at £. 


Very roughly, f has alocal maximum at £ if its graph has a ‘little hill’ above the 
point ἕξ. Similarly, f has alocal minimum at £ if its graph has a ‘little valley’ above 
the point £. 

If (€) is the maximum value of f on the whole interval (a, b), then obviously 
J has a local maximum at ἕξ. But the converse need not be true (see the diagrams 
above). 


11.2 Theorem Suppose that f is differentiable on (a, b) and that £ € (a, δ). 
If fhas a local maximum or minimum at £, then 


f'® = 0. 


100 local max local min 


« σ-- 
= 
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Proof By definition 


FOIE) «asx. 
: oat 


Suppose that f'(£) > 0. From Exercise 8.15 (6), it follows that for some open 
interval J =(—h,=+h) 


f(x) —f®) +0 (1) 
ee 


provided that x € J and x #&. 

Let x, be any number in the interval (£ —h, £). Then x; —— <0 and hence it 
follows from (1) that f(x ,) < {{ξ}. Thus f cannot have a local minimum at ἕξ. Let 
χα be any number in the interval (£, ξ + h). Then x, —£ > 0 and so it follows 
from (1) that (x2) > f(é). Thus f cannot have a local maximum at ξ. 


ral 


΄ Γ(ΡΟ 


*4 b 


A similar argument applied to —f deals with the case when f'(é) <0. The only 
remaining possibility is f'(£) = 0. 


11.3 Stationary points 

A point £ at which f'(£) = 0 is called a stationary point of f. Not all 
stationary points give rise to a local maximum or local minimum. The reader 
will be familiar with the case when f’(£) = Ὁ and fhas a point of inflexion at & as 
in the diagrams below. 


12. Mean value theorems 


But worse behaviour than this is possible. The diagram below illustrates a case 
where f (ξ) = 0 but fhas no local maximum, no local minimum, and no point of 
inflexion at ἕ. (See the solution to exercise 16.5(6).) 


ξ 


11.4 Theorem (Rolle’s theorem) Suppose that fis continuous on [a, b] and 
differentiable on (a, b). If f(a) = f(b), then, for some & € (a, δ), 


'® = 0. 


A= fey“ 


—f i 

Proof Since fis continuous on the compact interval [a, Ὁ], it follows 
from the continuity property (theorem 9.12) that f attains a maximum M at 
some point £ in the interval [a, b] and attains a minimum m at some point £, in 
the interval [a, b]. 

Suppose £, and £ are both endpoints of [a, b]. Because f(a) = f(b) it then 
follows that m = M and hence fis constant on [a, δ]. But then f'(£) = 0 for all 
EE (a, b). 

Suppose that £ is not an endpoint of [a, Ὁ]. Then £, € (a, b) and fhas a local 
maximum at £,. Thus, by theorem 11.4, f'(,) = 0. Similarly if £, is not an end- 
point of [a, 5]. 

[Note the importance of the continuity property in this proof.] 


11.5 Mean value theorem 


11.6 Theorem (mean value theorem) Suppose that f is continuous on [a, b] 
and differentiable on (a, b). Then, for some £ € (a, δ), 
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macs {{8)τ Le) 
BS aaa rad 


In the diagram, the slope of the 
chord PQ is 
fe) -f@ 
b-a 
Thus, for some ξ € (a, b), the tangent 
to fat ξ is parallel to PQ. 


Proof Let F be defined on [a, b] by 
F(x) = f(x) +hx 
where ἢ is a constant. Then F is continuous on [a, b| and differentiable on 
(a, b). We choose the constant so that F(a) = F(b). Then 
fla)t+ha = f(b) +hb 
and so | 
, -  [)- Κῶ 
: ok 
Since F satisfies the conditions of Rolle’s theorem, F''(£) = Ὁ for some 
£€(a, b). But then 
F@)=f@t+h =0 


and the theorem follows. 


11.7 Theorem Suppose that fis continuous on [a, b| and differentiable on 
(a, b). If f(x) = Ὁ for each x € (a, b), then fis constant on [a, b]. 

Proof Let y € (a, δ]. Then f satisfies the conditions of the mean value 
theorem on [a, y]. Hence, for some &— € (a, y), 


» 


But {᾿ξ} = Ὁ and so f(y) = f(a) for any y € [a, BI. 

(Note: This theorem will be invaluable in chapter 13, about integration. It may 
seem intuitively obvious but, without the mean value theorem (which depends 
ultimately on the continuity property), it would be very hard to prove.) 


11S Exercise 
(1) Find the stationary points of the function f: RR defined by 


- 
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f(x) =x — 1)@ — 2). Determine the maximum and minimum values 
of f on the interval [0, 3]. 

Suppose that f and g are continuous on [a, b] , differentiable on (a, b) 
and that g(x) #0 for any x € (a, b). Prove that, for some £ € (a, b), 
ΓΘ 1)- Γῶ 

5. (ξ 5(0) --(α) 

This is the Cauchy mean value theorem. [Hint: consider F = f + hg 
where ἢ is a constant.| 


In addition to the hypotheses of question 2, suppose that f(a) = 
g(a) = 0. Deduce that 


ες ΠῚ a Εἰ 
lim “<= lim == 
κ΄ αν 9) x ar g(x) 


provided that the second limit exists. This is L’H6pital’s rule. [Hint: 
exercise 8.15(4).] 
Use L’H6pital’s rule to evaluate 


lim, ὧν τιν +») 

(Hint: put y =x7".] 

Suppose that f: αὶ τὸ is differentiable at every point and that 
f'@) = x? 

for all x. Prove that f(x) = 4x° + δ, where ¢ is a constant. 


Let f: RR be vn times differentiable at every point. Let P be a 
polynomial of degree Η — 1 for which 


FG) = P(e) Y=0,1,...n) 
where ἕο, &),..., &, are all distinct points. Prove that, for some &, 
FE) = 0. 


Let g: R>R satisfy g(0) = g(1) = 0 and suppose that f: R>R is 
differentiable at every point and y = f(x) is a solution of the differen- 
tial equation 


dy 
eas eee Ie 
8%) = y 


Prove that f(x) = 1 for any x satisfying O < x < 1. [Hint: Use Rolle’s 
theorem to show that any open subinterval of (0, 1) contains a point ἕ 
at which f(é) = 1. Then appeal to the continuity of fin the manner of 
exercise 9.17(2).] 
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11.9 Taylor’s theorem 


Suppose that fis 
differentiable at the point &. Then 
the equation of the tangent to 
y =f(x) at the point & is 


y = f@+e@-f ©. 


/o°y = fle) + (x - 


i 
| 
| 
| 
| 
| 
| 


Thus, for values of x which are ‘close’ to £, it is reasonable to expect that 
f(E) + (ἃ — εξ) (ΕἸ) is a ‘good’ approximation to f(x). But how large may the 
error in this approximation be? 

Suppose now that fis m — 1 times differentiable at the point ἕξ. Then the first 
n — | derivatives at the point & of the polynomial 


PQ) = fl) τα τρί +e - οὐκ τ... 


ΠΕ I _ eyn-letn-i) 
toe er ee 


are the same as those of f. (See exercise 10.11(5).) 


We might therefore reasonably expect that 
P(x) will be a ‘very good’ approximation to 
f(x) for values of x which are ‘close’ to ἕξ. But 
again, how large may the error be in this 
approximation? 


These questions are answered to some extent by the following version of 
Taylor’s theorem. If n = 1, the theorem reduces to theorem 11.6 (the mean 
value theorem). One may therefore regard Taylor’s theorem as the nth order 
mean value theorem. 


11.10 Theorem (Taylor’s theorem) Suppose that fis n times differentiable on 
an open interval 1 which contains the point &. Given any x € /, 


fe) = (O+=@-O/'O+ Τα τοι τ... 


L fv. ΚΠ -π|Ιιρίη - 1} 
Ἐξ δὶ 
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where the error Εἰ, satisfies 
l πρίη 
En = = ( -- 


for some value of ἡ between £ and x. 
Proof If y lies between x and &, put 
FQ) = fe) - £0) - @-y)1'Q) — δ.“:.:} 2 fo), 


Taylor’s theorem asserts that, for some 7 between x and ἕξ, 


I Ay (it 
ey = ne 8) fC) 
The function F has the simplifying property that 


er | 


arr 0). 


Fy) = 
The function 


Gv) = FQ”) - oo! F@) ι. 


has the property that G(é) = G(x) = 0. It follows from Rolle’s theorem that 
there exists an ἡ between x and ἕ for which 


0 = Ἰὼ = F'n ps Ξῶς 
τὰ Το (n) oe | il , 
= @ = 1)" pom) + er γ- ΕΘ. 


Identity (2) follows. 


Il.ll Exercise 


(1) Ifm€ Nandx € R, use Taylor’s theorem to prove the binomial 
theorem in the form 


ong 
(1 Ἐπ} = ttm + Dre εχ 


(2) 


(2) Use Taylor’s theorem with n = 3 and £ = 4 to obtain an approximation 


to /5 for which the error is at most 27”. 


(3) Let fbe ἡ times differentiable on an open interval J which contains the 


point ἕξ and suppose that D"f is continuous at the point £. You are 
given 


ζῷα =... )= f° Se) = 6 
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but ΚΟ) # 0. In each of the following cases decide whether or not f 

has a local maximum or a local minimum at ἕξ. In those cases where f 

has neither a local maximum nor a local minimum discuss its behaviour 

close to the point &. 

(i) f°) >0 and n even. 

(ii) f (E) > 0 and n odd. 

(iii) f (&) - 0 and ἢ even. 

(iv) ΚΠ) <0 and η odd. 

[Hint: exercise 8.15(6).] | 
Discuss the behaviour of the functions given below at the point 0. 


(v) 7) = x (vi) g(x) = x™ (vil) h@&) = —x*. 


MONOTONE FUNCTIONS 


12.1 Definitions 
Let f be defined on a set S. We say that f increases on the set S if and 
only if, for each x © Sand y © S with x <y, it is true that 


f(x) <f(y). 


If strict inequality always holds, we say that fis strictly increasing on the set S. 


Similar definitions hold for decreasing and strictly decreasing. 
A function which is either increasing or decreasing is called monotone. A 
function which is both increasing and decreasing must be a constant. 


12.2. Examples The function f: R>R defined by f(x) =x? is strictly 
increasing on R. The function f: (0, 99) +R defined by f(x) = 1/x is strictly 
decreasing on (0, °°). 


12.3 Limits of monotone functions 


We introduce the notation 
iE = = f(x); f(E+) = lim f(x) 
=> FR x—tE+ 
provided that these limits exist. Do not confuse f(é —) and Κ(ξ +) with f(£), 
which is the value of the function fat £. In example 8.5, f(1 —) =0 = f(1) but 
fC +) = 2. 


L108 
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12.4 Theorem 
(i) Let f be increasing and bounded above on (a, b) with smallest upper 
bound L. Then f(x) > L asx >b —. 
(ii) Let f be increasing and bounded below on (a, b) with largest lower bound 
I. Then f(x) ~lasx >a rt. 
Proof We only prove (i). Let e > 0 be given. We have to find ἃ ὃ > 0 
such that, given any x satisfying ἢ —6 <x <5, 


| f(x) —L|<e 
L—e<f(x)<Lte. 


The inequality f(x) <L + € is automatically satisfied because L is an upper 
bound for f on (a, b). Since L — € is not an upper bound for fon (a, 5), there 
exists ay € (a, b) such that f(y) > L — e. But f increases on (a, b). 
Therefore, for any x satisfying 

yur, 


L—e<f(y)<f(%). 


The choice 6 = b —y then completes 
the proof. 


1.6. 


12.535 Corollary Let f be increasing on (a, b). If ξ Ε (α, b), then [(ξ —) and 
f(E +) both exist and 


f(x) <f—E 7 <f® ΞΕ +) SO) 
provided thata <x <&<y <b. 


a x ἔ y " 


Proof The function f is bounded above on the interval (a, ξ) by f(). 
By theorem 12.4, the smallest upper bound is f(é —). It follows that, for any 
x E(a, δ), 
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P(x) SFE —) SFE). 


A similar argument for the interval (ξ, δ) yields the other inequalities. 


12.6 Differentiable monotone functions 


1.2.7 Theorem Suppose that fis continuous on fa, Ὁ] and differentiable on 
(a,b). 

(i) If f'(x) = 0 for each x € (@, δ), then fis increasing on [a, b]. If f'(x) >0 
for each x € (a, b), then fis strictly increasing on [a, 6]. 

(ii) ΕΓ (ΑἹ <0 for each x € (@, δ), then fis decreasing on [a,b]. If f'(x) <0 
for each x € (a, b), then fis strictly decreasing on [a,b]. 

Proof Let c and d be any numbers in [a,b] which satisfy ὁ <d. Then 

f satisfies the conditions of the mean value theorem on [c,d] and hence, for 
some ἕξ €(c,d), 


f(d)—fle 
Pre = SS a ᾿ 

If f'(x) = Ο for each x Ε (@, b), then f'(£) > Ο and hence [(α} = f(c). Thus f 
increases on [a, b]. 

If f'(x) >0 for each x € (a, b), then f'() > 0 and hence f(d) > f(c). Thus f 
is strictly increasing on [a, b]. 

Similarly, for the other cases. 


12δ Example Consider the function f: RR defined by f(x) = x(1 —x). 
We have f'(x) = 1 — 2x. Hence f'(x) => 0 when x <4 and f'(x) <0 when x > ἢ. 
It follows that f increases on (— ©, 5] and decreases on [4, ©). 


y = x(1—x) 


12.9 Inverse functions 


A strictly increasing function f defines a 1:1 correspondence between 
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its domain J and its range J. Hence f always has an inverse function f ~' and this 
is strictly increasing on J. (Proof?) 


In the case when / is an interval and f is continuous on J, then J = f(J) is also 


an interval (theorem 9.9). Observe that f~*: J > J is continuous on J. This is a 
simple consequence of corollary 12.5. (If f -! had a discontinuity at ἕξ € J, then 
we could find a \ J for which f(A) would be undefined.) 


f discontinuous at & 
SE) <A <ftEeH 
F(A) undefined 


The next theorem is usually remembered in the form 


-ἰ 

dx _ dy 

dy \ax 
although this notation begs a lot of questions. 


12.10 Theorem Let J and J be intervals and let 19 and J° be the correspond- 
ing open intervals with the same endpoints. Suppose that f: J > J is continuous 
on J and'that J =f(J/). 
If fis differentiable on J° and 
Df(x)>0 (x€I°) 


then f 1: J > [exists and is continuous on J. Also f~ is differentiable on J° and 
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Df~*(y) = (y EJ?) 


Ϊ 
Df (x) 
provided that y = f(x). 

Prog It follows from theorem 12.7 that f strictly increasing on 1 and 
hence f~: J > J exists. The continuity of f~ has already been discussed. There 
remains the consideration of its derivative. 

_ty EJ?, Then x=f"(y)E1°?. Putk =f"'(y +h) —f7"(y). Then 
Py thy=f"(y) +k =x +k. Thus y +h =f(x +k) and it follows that 
ἢ = f(xtk)—y = f(x +k)—f(>). 
Since f~ is continuous on J, k > 0 ash > 0. Also, f~ is strictly i 
nJ, 3h ; : trictly increasin 
and sok #Ounlessh Ξε. Sau ee 
We may therefore appeal to theorem 8.17(ii) to obtain 


ἐν τειν Wut weedy Bo 
h f(x+k)—-f(x) f(x) 


| Note that all the above results apply equally well to strictly decreasing func- 
tions. 


ash>Q. 


12.11 Roots 


As an application of our observations on inverse functions, we now dis- 
cuss the theory of nth roots. 


Let n be a natural number and consider the function f defined on [0, °°) by 
f(x) = x". 


Since f(0) = 0 and f(x) > + cas x > + ©, it follows from the continuity 
property (theorem 9.9) that the range of fis also [0, -). 
Observe that 


ΓΟ) = ΧΡ (x>0). 


Thus fis strictly increasing on [0, °°) and, as in theorem 12.10, it has an inverse 
function f~'. We write 


f(y) -_ ptt 
y 
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This argument shows that, given any y > Ὁ there exists exactly one x 20 
(namely x = ν᾽") such that y = x”. Our basic assumption about mth roots made 
in $1.9 has therefore been justified. 

In exercise 10.15(1), we calculated the derivative of the nth root function. 
We can therefore check the validity of the formula of theorem 12.10 in this case. 


1 pie 


n-1 Π΄ t/myn-1 ee 


sag hi see 
pet ~ Bx n(y n 


᾽ 


py!" oe 


If m is an arbitrary integer, the rule for differentiating a composite function 
(theorem 10.13) then yields 


| Ϊ ty = m εξ 
ρου = Diy)" = a) a "myn"! = ee ἐδ ᾿ 


12.12 Exercise 
(1) Suppose that f increases on the compact interval [a,b]. Prove that f 
attains a maximum at b and a minimum at ὦ. 
(2) Letn EN. Prove that the function f: [0, °) > R defined by 


f(x) = ( +1)!" ane 


decreases on | 0, ©). 

(3) Suppose that fis differentiable and increasing on an open interval J. 
Prove that f'(x) > 0 for each x EJ. If fis strictly increasing on 1, does 
it follow that f'(x) 0 for each x € J? Justify your answer. 

(4) Let f: R>R be defined by f(x) =1+x+ x°. Show that f has an 
inverse function Κ᾿: R->R. Calculate the value of Df (2) when 
y=. 

Ἷ (5) A function f increases on the interval / and for each a and b in / it is 
true that, if Δ lies between f(a) and f(b), then a & © / can be found 
such that f(£) = ἃ (see corollary 9.10). Prove that fis continuous on f. 
Does the same conclusion hold if the hypothesis that f increases is 
abandoned? 

(6) Let f: [0, 1] > (0, ©) be continuous on (0, 1]. Let M: [0, 1] > (0, 99) 
be defined by 


M(x) = ee (0<x <1). 


Prove that the function 


ον 
o(x) = lim | fos) 


is continuous if and only if f increases on [0, 1]. 


ΠΕ ἐς Bane -ς er πσν ἈΡΕαυσ ει ΞΘ 


114 Monotone functions 


12.13 Convex functions 


Let fbe defined on an interval /. We say that fis convex on J if it is 
true that, for eacha >OQandS>Owitha+B=1, 


flax + By) <af(x) + β[(.) (1) 


whenever x Ξ and y €/. If the inequality sign is reversed, we say that f is con- 
cave on 1. It is obvious that fis concave on Jif and only if — fis convex on J. 

The geometric interpretation is that any point on a chord drawn to the graph 
of a convex function lies on or above the graph. 


affix) ἘΒΓ[(ν]) 
Fox + fy) 


f convex 


f concave 


| It is sometimes useful to rewrite the definition of a convex function in the 
following way. A function fis convex on an interval / if and only if, for all 
points x;, x and x3 on the interval 1 satisfying x; <x.<x3, 


f(%2) —F%1) fs) - [( 2) 
cpap < ete (2) 
2. Χὶ v3 X32 
Equivalently, a function fis convex on an interval J if and only if for all 


points x,, x and x3 in the interval satisfying x; <x.<x3, 


f(%2) ~ (1) ΓΘ) - FO) | 


Χχ X41 X3—Xy (3) 


xy Χὰ x3 


(2) slope P,P, = slope P3P,; (3) slope P,P, = slope P,P, 


That (2) and (3) have the same content as (1) is easily seen by making the 
substitutions x; =x,x,=ax + By and x3 = y (see exercise 12.21(2)). 
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12.14 Theorem Suppose that f is convex on the open interval J. Then the 


limits 
ἫΝ f(x +h) nie). lim f(x +h) ~f(%) (4) 


h->0- h h—>O+ ἢ 
both exist for each x €/. 
Proof Swppose that Ὁ <hy< hg. Putx =X1,X2=%x +h, and 
χαξεχ +h, in (3). Then 
f(x thy) —f() ς ΓΟ +) —F@) 
hy hy 


Hence the function 


roy = £22 0-10) 


increases in some interval (0, δ). The existence of 


lim Fh) 

h-0+ 
then follows from theorem 12.4. A similar argument establishes the existence of 
the left hand limit. 


12.15 Example The function f: R>R defined by f (x) = |x | is convex on 
R. (The chords lie above the graph). 
Note however that the two limits of 
(4) are not equal when x = 0. 


12.16 Theorem Suppose that f is convex on the open interval 1. Then fis 
continuous on J. 


Proof From theorem 12.14, 


Ε fer κτω. y= fe ban ι ἘΠῚ 
| ἢ 


h->o- ἢ -ὸ-- 


jim {f(x +h) -—f(x)} 


Similarly , 


h—>o+ h-0+ h h-0+ 


lim {f(x +h) —f(x)} | lim fe+n=fo} lim ι == ὃ. 
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12.17 Example The function f: R>R defined by 
cond) {|| 

f(x) = | 
2. tixt=1) 


is convex on the compact interval 
[— 1,1]. Observe that it is nor 
continuous on [— 1, 1]. 


Example 12.15 shows that a function f which is convex on an open interval 1 
need not be differentiable on /. However, if f is differentiable on T, then the 
following theorem provides a useful characterisation of convexity. 


12.18 Theorem Let 1 be an open interval and suppose that fis differentiable 
on 1. Then fis convex on / if and only if Df increases on J. 


Proof (i) Suppose first that Df increases on J. Let x; <x.<x3. By the 
mean value theorem 


F(%2) —f(%1) δι r'®): Palen) oe 


Xq— Xy ΧΆ 


f(n) 


where xy <E<x2< ἢ « χϑ3. Since Df increases, f'(£) < f'(n) and therefore 
inequality (2) holds. Thus fis convex on /. 
(ii) Suppose next that fis convex on 1. Let x; <x.<x3<X4. By inequality 


(2), 
f(x) =F) Πα) f(s) _ f(a) Fs) 
X2—Xy X3—Xq Xa τ X3 


Ignore the middle term in this inequality and let x. > x, + and x3>x4 —,. We 
obtain f'(x,) <f"(x4) and it follows that Df increases on J. 


If fis twice differentiable on J, an even simpler characterisation of convexity 
results, 
Ϊ 2.19 Theorem Let /be an open interval and suppose that f is twice diffe- 
tentiable on 1. Then f is convex on Jif and only if 

f'(x) 20 
for allx EJ. 
Proof The theorem follows from theorems 12.7 and 12.18. 
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12.20 Examples The functions f, g and h defined on (0, 99) by f(x) = ee 
g(x) = 1/x and h(x) =x + x are all convex on (0, ©) because their second 
derivatives are all non-negative on (0, 99). 
The function ¢ defined on (0, 99) by (x) = ,/x is concave on (0, 99). We 
have 
g(x) = —4x πὸ (x>0). 


12.21 Exercise 
(1) Let f: ΒΞ R be defined by f(x) = (x — 1)(x — 2)(x — 3). Find the 
ranges of values of x for which fis (a) increasing, (b) decreasing, (c) 
convex, (d) concave. Draw a graph. 
(2) Let f be convex on the interval 1 and let x1, x2 and x3 be points of / 
which satisfy x, <x. <3. Prove that 


f (x2) ~ £1) < σῷ) —f(1) al» —f (2) 
XX ms Xz Xj X3~%X2 | 
(3) Let f be convex on the open interval 1 and let J = f(/). If fis strictly 
increasing on J, show that f~' is concave on J. What happens if fis 
strictly decreasing on 1} 
Suppose that fis convex and differentiable on the open interval 1. If 
£ € J, prove that 


f(xy)-fO2fFOH—s) ED. 
Interpret this result geometrically. What result is obtained if f is con- 
cave on /? 

Let 6: R>R bea strictly increasing, convex, differentiable function 
on R and suppose that ¢(£) = 0. If x, ἕξ and 


ley 
$'(Xn) 
prove that x, > £ asm > ©. (This method of obtaining an approxima- 
tion to the zero of ¢ is called the Newton—Raphson process.) 
¥(5) Let f be differentiable, convex and bounded on R. Show that fisa 
constant. 
1 (6) Let f be continuous on an interval 1 and satisfy 


τὰ «Ο)110) 
2 2 


for each x Εἰ and y ἘΠ. Prove that, for any x,,X2,...,X, in the 
interval J, 


*(4 


- 


(n = 1,2,...) 


Xn+1 = Xn 


ὡς PA 
f [tnt «Τ(γαῦ ἐγ Ὁ... + 705}. 


H 


ΟΝ Monotone functions 


[ Hint: recall the induction argument of example 3.10.] Deduce that f 
is convex on /. [ Hint: establish inequality (1) of §12.13. Begin with the 
case when @ and β are rational. ] 


19 INTEGRATION 


131 Area 
Suppose that fis continuous on the compact interval [a,b]. 


Does it make sense to discuss the “area’ under 
the graph of f? And, if so, how can we com- 
pute its value? 


If it makes sense at all to talk about the area under the graph, then presum- 
ably this area must be at least as big as the areas S, and S$, which have been 
shaded in the diagrams below. 


Let ὃ denote the set of ai/ numbers S which can be obtained as the sums of 
the areas of little rectangles as in the diagrams above. Then the ‘area’ under the 
sraph of f must be at least as big as every element of ©. It seems reasonable to 
identify the ‘area’ under the graph of f with the smallest number larger than 
every element of 5, i.e. with sup ὃ. 

These remarks are intended to motivate the formal mathematical definition 
given in the next section. 
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13.2 The integral 


Suppose that fis continuous on the compact interval [a, b]. We pro- 
pose to give a definition of the integral 


PP fe) ax 


of f over the interval [a, b]. 
We begin by defining a partition P of the interval [a, Ὁ]. This is a finite set 
P=1¥o;)1,-++ ,n} of real numbers with the property that 
EMS TRIE A. τ De = Bi 


Since fis continuous on |a, b], it is bounded on [a, b]. It therefore makes 
sense, given a partition P = {y9,)1,...,¥,} of [a, Ὁ], to define 


iy = inf x 
1 τς 1 ) 
ἢ ΞΞ inf 
and so on. 


For each partition P, we can then. form the sum 


Fi 


S(P) = δ᾽ mee -- »κ- τ). 


k=1 


_ The diagram below illustrates the case n = 4. The value of S(P) is the area of 
the shaded region. 


Suppose that fis bounded above on [a, b] by H. Thus f(t) <A for any 
t € [a, b]. Then 


S(P) = 2 mMrVr —Vr-1) 
=1 


<H Σ ΟἹ —Yr-1) = Ηἰσι -- γὼ Ἑ.-.-. ἘΓ, τ- »»..}} | 


= A(v,—Yo) = H(b—a). 
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It follows that the set of all numbers S(P), where P is a partition of [a, b], is 
bounded above by H(b — a). Hence it has a smallest upper bound and we may 
define ; 

. f(x) ὧς = sup S@) (1) 


where the supremum extends over all partitions P of [a, 6]. 
We wish to think of 


[τα 


as the ‘area under the graph οἵ f’. But notice that any area below the x-axis has 
to be counted as negative for this interpretation. 
Note also that, if b >a, we define 


[κα = — J ee) ae. 


13.3 Some properties of the integral 

Much of the power of the idea of integration lies in its connexion with 
differentiation. For example, it would be very painful indeed if all integrals had 
to be worked out directly from the definition. Our first priority is therefore to 
prove the theorems which link integration with differentiation. Before we can 
do this, however, we need to derive a few basic results directly from the 
definition. 


134 Proposition Let f be continuous on [a, Ὁ] with maximum M and 
minimum m. Then 


m(b—a)S [ f(x) dx < M(b —a). 


The proof of this proposition is essentially contained in §13.2. We quote two- 
simple corollaries. 


1335 Corollary [fc is a constant, then 


ἢ cdx = c(b—a). 


a 


13.6 Corollary Let fbe continuous on [a, b| and satisfy |f(f)| <x for any 
t € [a, 8]. Then, for any £ and x in the interval [a, b], 


If Κὸ dt 


i<Klx—&| (ἡ #8). 
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The next proposition is also very simple, provided that one recalls the proper- 
ties of sup and inf. (See exercise 2.13(2) and exercise 7.16(6i).) 


13.7 Proposition Let fbe continuous on [a, Ὁ] and let ¢ be a constant. Then 
δ | b 
1) {0} + cj dt = " f(t) dt +c(b —a). 


The next and final result of this section is not quite so easy and so we give the 
proof. 


13.8 Theorem Let fbe continuous on fa, b] and let @<c¢ < b. Then 
"ἢ c b 
[, (Oat = J" Κὸ ἀπ [ΚΟ αι. 
a a c 
Proof We use the notation of §13.2. Suppose, in the first place, that 


P, and P, are any partitions of [a,c] and [c, b] respectively. Then the set P of 
points in at least one of the sets P; and 6} is a partition of [a,b]. 


Ρ, P, 
Ἐς 4 
Ρ 


It is obvious that S(P) = S(P,) + S(P2). Moreover, 


ὃ 
SP)< |. Moar 


because of definition (1) of §13.2. Thus, given any partition P, of [a, c] and any 
partition P, of [e, 8]. 


b 
SP) +SP)< | fat 


b 

SP) « [- fat—s@). (2) 
Hence, given any partition P, of [c, b], the right hand side of (2) is an upper 
bound for the set of all numbers of the form S(P,) where P, is a partition of 
|a,c]. Therefore | 


sup S(P)< i f(t) dt — S(P2) 


where the supremum extends over all partitions P, of [a,c]. Recalling the 
definition of an integral, we obtain 
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[Κῶ ες [᾿ Και -- δὼ 
and so 


S(P2) Ξ ‘i f(t) dt — ᾿ f(t) αἱ. 
A similar argument now yields 
” Κὸ αἵ « [ἢ Κὸ αἱ -- [ Fat 
and therefore | 
[? κὸ «ἐξ [2 roars fe reat. 9) 


Now let P be any partition of [a,b] and let Q be the partition obtained from 
P by inserting the extra point c (if it does not already belong to P). It is easily 
seen that 


SP) < SQ). 


Let P, be the partition of [a, Ὁ] consisting of those points of Q which lie in 
[a,c] and let P, be the partition of [c, b] consisting of those points of Q which 
lie in [ς, 5]. 


We have 


S@)<S(Q) = SP) + SP2) 


« [κϑαι ef. Κὸ dt. 


The right hand side of this inequality is therefore an upper bound for the set of 
all numbers S(P) where P is a partition of |@, b]. Hence 


c ἢ 
sup 50) « { fart+|, float 
᾿ β 


ie. [ 4 κὴ αἱ «[᾿ fat | 7 f(t) dt. (4) 


Combining (3) and (4), we obtain the conclusion of the theorem. 
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13.9 Differentiation and integration 

Let f be defined on (a, b). Suppose that F is continuous on fa, b] and 
differentiable on (a, b) and satisfies 

F(x) = 10] 


for each x € (a, δ). Then we shall say that F is a primitive (or anti-derivative) of 
fon fa, b]. 


+ 


13.10 Example If f(x) =x°, then the function F defined by F(x) = 4x* +3 
is a primitive for ἢ. 


13.11 Theorem Let F’be a primitive for f on [a, Ὁ] and let G be defined on 
(a, 8]. Then G is a primitive for f on [a, b] if and only if, for some constant c, 


G(x) = F(x) +e 
for each x € [a, Db]. 
Proof Obviously F(x) + ¢ is a primitive for f on [a, Ὁ]. Suppose there- 


fore that G is a primitive for f on [a,b]. Then F — G is continuous on [a,b], 
differentiable on (a, b) and, for each x € (a, δ), 


D{F@&) — G@)} = F'@)—G'@) = fe)—f@) = 0. 


From theorem 11.7 it follows that F — G is constant on [a, b]. Hence the 
result. 


What have primitives to do with integration? Suppose that fis continuous on 
ἰα, δ]. Then we may define a function F on [a, Ὁ] by 


F(x) = i. δ αι (a<x<b). 


In the next theorem, we shall show that F is a primitive of f on [a, b]. But 
first we give a rough, intuitive argument to indicate why one might suppose this 
to be true in the first place. Given x € (a, b), we seek to explain why one might 
suppose that F(x) = f(x). 

The number F(x) may be interpreted geometrically as the ‘area under the 
graph of between a and x’. The shaded region in the diagram below should 
therefore have area F(x + h) — F(x). 


Fix + h)— Fix) 


oe = 


=~ 
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Since fis continuous, one feels that, if ἢ is very small, the shaded region will 
‘nearly’ be a rectangle and hence its area will be approximately hf(x). Thus 


F(x +h) — F(x) = hf) 
ee ee, (5) 
h 
This equation is only approximate, but the smaller h becomes the better the 
approximation should be. Allowing h > 0, we might therefore expect that 


F'(x) = f(x). | 

This argument is dubious on a number of counts — particularly at the stage 
where we divide by the small number # to obtain (5). In the next theorem we 
provide a precise proof of the result. 


13.12 Theorem Suppose that fis continuous on |a, Ὁ] and that Fis defined 
on [a, b] by 


F(x) = ᾿ fdt (a<x<b). 


Then F is a primitive of f on [a, b], i.e. F is continuous on [a, δ], differenti- 
able on (a, δ) and F'(x) = f(x) for each x € (@, d). 
Proof Since fis continuous on [a, δ], it is bounded on [a, Ὁ]. Suppose 
that |f()|<« (@<t<b). 
By theorem 13.8, for any x and £ in [a, dD], 


ΡΟ) --Ε( = |, Κὴ αἱ 
and therefore, by corollary 13.6, 


F(x) — FE) < kx — ξι. 


And, from this inequality, it follows that F is continuous on [α, Ρ]. 
A more subtle argument is needed to show that F is differentiable on (@, δ). 
If x and ὃ are in (a, b) and x #&, then 


F(x) — (ἢ) — f(t) = otis, {F(x) —F(@) —& —£)f®)} 
τὸ ξ x—§ 
ates ν Aged —e- re) 


ἈΞ 


ll 


1 px ei 
sui), LO-FO) at. 


The last step is justified by proposition 13.7 with ὁ = f(é). 
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Let e > 0 be given. If ξ € (a, b), then fis continuous at the point £ and so, for 
some ὃ > 0, 
If) —f@)|<e 


provided that |f —&| <6. Hence, provided that |x — ξ] < 6, it follows that 
f(t) — f()| < ε for every value of f in the compact interval with endpoints £ 
and x. From corollary 13.6, we conclude that 


F(x) —F@) 
ae: 


“ἬΞΗ = e = 


x— δὶ 


provided that 0 < |x — £| <6. But this is what is meant by the assertion 
F(x) — F@) 
x—§ 


We have therefore shown that F is differentiable on (a, b) and F'(£) = f(£) for 
each ἕξ € (a, b). | 


> fG) asx. 


13.13 Example 


D\(* dt r. ] εἰν 
0 1 $71} 1 χιρῦ 


13.14 Theorem Any function f which is continuous on [a, b] has a primitive 
on [a, b]. If G is any primitive of f, then 


[{ £@at = G)-G@ = [G@?. 
Proof Let F be defined on fa, b] by 


Fe) -ἰ fOdt @<x <b), 
Then 


b 
[: Κῶ αι = FQ) = FO) —FO. 
By theorem 13.12, F is a primitive of f on [a,b] and, by theorem 13.11, any 
other primitive G satisfies 


G(x) = Fx)+e @<x <b) 
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for some constant c. Hence 


Ι : fat = {F(b) Ὁ οὐ -- (Ε()Ὲ οἢ 
= σ(δ)-- G(a). 


13.15 Example Since 


Fe, gee Sa, SNe ae 
~) 20+03 °° (b+ 8)’ 


it follows from theorem 13.14 that 


a i Nes anos a tee Ὑ Ν᾽ 
0 (+?) | ee ae 4) 


13.16 Riemann integral 
The integral 


| ‘ fx) dx (6) 


was defined as the supremum of all areas like that shaded in the left hand dia- 
gram below. It would be equally sensible to define the integral as the infinum of 
all areas like that shaded in the right hand diagram below. 


If fis continuous on [a, b], these two definitions yield the same result. The 
reason is simple. The use of the second definition would yield the result 


=| fechas. (7) 


But (6) and (7) are equal because F is a primitive for f on [a, Ὁ] if and only if 
-- is a primitive for —f. 

If fis not continuous on [a, b], the two definitions do not necessarily yield 
the same result. But, if they do yield the same result, we say that fis Riemann 
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integrable and call the common number obtained from the two definitions the 
Riemann integral of f on [a, b]. 


13.17 Example We know that 


Ε x*dx = [χ δ = 3 
Oo : 10 i 


using the theory of differentiation. 


Sc 


FAN 
a ae 
Intreduce the partition P, = {0, 1/n, 2/n, 3/n,..., 1} of [0, 1]. The shaded 


area of the left hand diagram is smaller than the integral and the shaded area of 
the right hand diagram is larger. Thus 


n (k-1\1_f7 π΄ (z\? | 
| -- κα 2 = ἘΝ ole 
Σ [55 βόα. Σ Ft 


ΒΞ 


| | 1 ] 
BOT +... +G@-IY}<| Paxr<G(Pt?+... +03 


1 Ὁ ΙΝ 
(n—1)nQQn—1)< Ι. χ' αχ 3 ; ς "0: + 1)(2n + 1) 
(exercise 3.11(1i)) 


] 1 1 1 ] l 1 
— [1----ἰ 1 -——|< x? dx <— as Tre 
3 : | Ἢ > ὃν 3 ἢ} μ.2}. 


To illustrate the idea discussed in 813.16, we evaluate the integral without 
Considering the limit as n > © yields 


f. Pax = 3 
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13.18 Exercise 


(1) Prove that, given any natural number 7, 
b 

bon I n+1 
I. = : + ᾿" | 


Show that the same result holds if is replaced by any rational number 
a #— 1 provided thatO<a< b. 
(2) Since the integrand is a square, the following result must be wrong. 


Explain why. 
FP: 
§ l 
! — ΒΞ - --1--1 τ -- 2. 
υ te— 1) ok, 
(3) If wis a positive rational number, prove that 
- I 7 iy % 4 ce o l 
mM ἘΣΤΊ Po PRS =. 
lim, ait Ἐ2 +3 n*} ra 


13.19 More properties of the integral 

In §13.3 we mentioned some properties of the integral. Theorem 13.8 
is particularly important but its proof which we obtained directly from the 
definition was long and laborious. We used the properties examined in $13.3 to 
prove the theorems which connect integration with differentiation. Having 
proved these theorems, we can now obtain the rest of the properties of the 
integral very easily. 


13.20 Theorem Suppose that f and g are continuous on [a, b] and that A and 
are any real numbers. Then 


Ὁ, "ἢ pb 
[" Qr@+ue@}at = rf, pOaetuf? eat, 
Proof Let F and G be primitives of f and g respectively on [a, δ]. By 


theorem 10.9(i) the function H = ΧΕ + μῸ is a primitive of Af + ug on [a,b]. 
Hence, by theorem 13.14, 


[“ AfO +ug@}at = DFO Ἐμοὶ 
MFOM + ulGOl? 


λ fi fo) ἀμ; g(t) dt. 


| 


13.21 Theorem (integration by parts) Suppose that f and g are continuous on 
[a, b] and have primitives F and G respectively on [a, b]. Then 
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a | b ὃ | 1 Proof Let Η be a primitive of g—f on [a, b]. Then 
J, PRE = HEROS ENG — I, rata h) δὲ. | DH(t) = g(t) —f(t) > 0 (a@<t <b). By theorem 12.7, H therefore increases on 


. Thus A(b) 2 A(a) and hence 
Proof By theorem 10.9(ii), [2, b]. Thus H(b)  H(a) a 


D(FG) = [Ὁ + Fe ) [ &@—r@} at = H)—H@>0. 


and thus FG is a primitive of fG + Fg on [a,b]. Hence 
13.24 Theorem Suppose that fis continuous on [a, 5]. Then 


t {Κὐσ(ἢ + FOs@} dt = [FOG]? 


| Vi f(t) «ἡ «[ {(0}| dt. 


Proof Since — |f()| < (Ὁ Ξ 0] @ <t < 8), it follows that 


and the theorem follows. 


As is clear from its proof, the formula for integrating by parts is just the 
integral analogue of the formula for differentiating a product. The next result is 
the integral analogue of the formula for differentiating a composite function, i.e. 
a ‘function of a function’. It is the rule for changing the variable in an integral 
and is usually remembered in the form 


a : 13.25 Theorem (Cauchy—Schwarz inequality) Suppose that f and g are con- 
; Ι 


ες [ "ΚΙ dt< ᾿ Κὸ αἱ « Ϊ : [ΚΙ dt 


and hence the result. (Note that | f| = {f7}"? and is therefore continuous.) 


| 


at = os du tinuous on [a, b]. Then 
| > Po ge 12 1, [9 2 
13.22 Theorem Suppose that ¢ has a derivative which is continuous on [a, b| | Ἐ fg dt) Ξ [ ἰὴ αἱ ἢ gO) dt. 
and that [18 continuous on an open interval which contains the image of [a, b] | 
under @. Then Proof This is much the same as that of example 1.11. For any x, 
(0) b " 12. 
Joc Κη τ =f, Κφ()φΩ du Ι o< J, AO Ἐκ αι 
Proof Let | 


κ᾽ [7 (FOP αι τ xf? fOs@ade+[? {ey at 


F(x) = hos f(t) dt. = Ax*+2Bx +C. 
From theorem 10.13 and theorem 13.12, Thus the quadratic equation Ax ἢ + 2Bx + C = 0 cannot have two (distinct) 
d roots. Hence 
We OO) = Εἰ φω)φίω) = [GW)¢'H). BP< AC 
It follows from theorem 13.14 that as required. 
[᾿ κφῳγφ au = Few? a Sa gre eninge pe Sr 


13.26 Exercise 
(1) Suppose that gis continuous on [a, b] and that g(t) > 0 (α ΞΞ1 ΞΞ Ρ). 
Prove that 


and this is what had to be proved. 


13.23 Theorem Suppose that f and g are continuous on [a, b] and that, for 
any f€ [α, b], f(t) <= g(t). Then f e(t) di = ἢ 


b pb 
| f(t)dts| f) dt. 
(3 LO) I, a(t) if and only if g(t) = 0 for each ¢ € [a, 6]. 


(2) Suppose that fis twice differentiable on [a,b] and that f” is continu- 
ous on [@, b]. Prove that 


[πα = tim | f ΠΟ) ax 


i xf"(x)dx = {bf'(b)—f(b)} — faf'@ — f@}. provided that the limit exists. Note that, if f is continuous everywhere, we define 
; + 00 0 a ae 
*(3) Let fbe positive and continuous on [1, 99). Suppose that | ee f(x) dx = Ι.. ax + [. f(x) de 
| x | | oat τὶ πες dicen ΑΚ ΕΣ. ἢ e upper and lower 
Fc) = | hdt<{fxy tL. provided that the appropriate limits exist, 1.6. we allow the upper an 
) I, IO 0 ¢ ) limits to recede to + °° and — respectively independently. We do not define 
Prove that f(x) >43(~—1) (x21). [Hint: The integral the improper integral by 
fe {FO} PF (fd dt is relevant.] ἐν 
“(4) Suppose that fand g are continuous on [a, b] and that g(t) 20 yin, ke f(x) d&. 


(a <t¢ <b). Prove that 


‘ i ee, een γε ND: See ne COE tn eT 
Ι. fg) dt = (Ὁ ἐ, g(t) dt 
13.28 Examples 


for some & € [a, b]. [Hint: continuity property.] What has this to do poe dx Χ dx i|* inl ΗΝ τι i 
with theorem 11.6? i) |, = ie im, | a peel . tony ἘΠ 
“(5) Suppose that gis continuous on [a, b| and that fis differentiable on | 
[a, 8] and its derivative is continuous on [a, Ὁ] with ΚΠ) > 0 : On the other hand, ifO<y <1, 
(a <t <b). Prove that 1 | Ξ 
b ξ b a a - τ: 7 gaia temy +04 
I, fOs@ dt = f@ I. g(t) dt + f(b) 3 g(t) dt y 


' : aX ae 
and hence the improper integral “3 does not exist. 
“τὸ 


for some ξ € [a, b]. What happens if f'(t) <0 (@<t<b)? [Hint: inte- 
᾿ς Brate by parts.] de 1 dx | : 
(6) By integrating many times by parts, show that the error term in ὯΝ] —— = lim | — = lim [2x], = lim @- Wy) = 2. 
+0 Vx y>0+ Jy v/x Danes 


yrds 


Taylor's theorem (theorem 11.10) can be expressed in the form 
] x 
E,, ees se eae: _ gyi-ie(r) 
ἡ πεῖ J, & -ὸ νὰ 


provided that f” is continuous on J. Show how the form of the error 
term given in theorem 11.10 can be obtained from that above. 


13.27 Improper integrals 


We write down some sample definitions. Suppose that fis continuous οο ist 
on [0, %). Then we define | (iii) Note finally the following example. Observe that fo x dx does not exist 


(why not?). Hence [᾿ς χ dx cannot exist even though 


0 


- oa » ἡ 
| xd = lim x) dx | Χ 
f( ) im, {, Ff ) [ix ax so Ly?—LxX*>0as X¥>+™. 


provided that the limit exists. Similarly, if fis continuous on (a, b], then we 
define 


The integrals defined in this section are called improper because they are not 
given by the definition of §13.2. It is perhaps pedantic to include the little 
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arrows in the notation for improper integrals and most authors would simply 
delete them. But for those who propose to study integration more deeply, it is 
probably better not to do without the little arrows since this will avoid con- 
fusion with the differing definitions of the powerful Lebesque theory of integra- 
tion. 


13.29 Proposition Suppose that ᾧ is a function which is continuous and non- 
negative on the open interval /. Suppose also that fis continuous on / and satis- 
fies 
Ife) SO@) ED. 
If the improper integral of @ over the interval 1 exists, then so does that of f. 


This is, of course, an analogue of the comparison test (theorem 6.15), for 
series and may be proved in much the same way. If f happens to be non-negative 
on J a simpler proof may be based on theorem 12.4 concerning the convergence 
of monotone functions. 


13.30  &xample To prove the existence of the integral 
,° ax 
1 1+x? 
we simply have to observe that, for any x > 1, 
dx we Ϊ 
rey 


Since f°” x ~*dx exists, the result then follows from proposition 13.29. 


1331 Euler-Maclaurin summation formula 
We discuss only a simplified version of this useful result. 


13.32 Theorem Let f be continuous, positive and decreasing on [1, 99). Then 
the sequence (A,,) defined by 


-Σ κῷ-ἰ £0) ax 


is decreasing and bounded below by zero. Hence it converges. 


Proof Since f decreases, for any k= 1,2,..., 


fe +I < [ἡ τῶ < 1) 
Thus 
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Ansi— an Εἰς κῷ- τῷ ay = | Ὁ Κῶ --| fe) | 
k=1 


= fin +1)—["" fea «γι Ἐ 1)-f@ tl) = 


and so (A,,) decreases. Also 
Fl 
= 2 κὉ- : [τ 


> ἫΝ fk) -'¥ Κῷ = fn) >0 
=1 R=1 


and so (A,,) is bounded below. 


From theorem 13.32 it follows that, if fis positive, continuous and decreas- 
ing on [1, °), then the series and the improper integral 


Σ Μη) ἀπά [ς fee) de 
n=] " 
either both converge or else both diverge. The theorem therefore provides a 


criterion for the convergence of a series or an improper integral and for this 
reason is often referred to as the integral test. 


13.33 Example Take f(x) =x~' in theorem 13.32. We know from theorem 
6.5, that the series U>_, ΗΠ diverges to +e. From theorem 13.32, we conclude 
that 


n ax 
- +> + as ἢ > οὐ, 
εχ 


In particular, the improper integral {, ~~ x ~‘dx does not exist. 


13.34 Exercise 
(1) Discuss the existence of the following improper integrals. 


ee vane ae χ ae Pee 
OL eee | «(eel 


ὡς, ἐξ: τ (1 +x") 1+x+x° 


(iv) [ἢ om (v) ’ ao ΟἹ) . . 


[Hint: for a and (vi) recall example 13.33.] 
(2) Prove that, forO< y <4, 
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( eee 
ety ἦν ao 0. 


(1/2)-y x(1 oe) 

Oe heme | re 

ox(x-—1) ὁ 

(3) Let α be a rational number with a > 1. In theorem 6.6 it was shown 
that the series 


a 
Discuss the existence of the improper integral | 
=< 


converges. Base another proof of this result on theorem 13.32. 


{ 


14 EXPONENTIAL AND LOGARITHM 


14.1 Logarithm 
We define the /ogarithm for each x > 0 by 
logx = [= 
awa Para 
It follows immediately from the definition that log 1 = Ὁ and that, for each 
x > OD, 
ΠῚ : 
ogx = --. 
. x 
Also, 
5. 


D*logx = -- --. 
x 


We conclude that the logarithm is strictly increasing and concave on (0, ©). 
Further, in view of example 13.33 and exercise 13.34 (1vi), 
log χα > + © as x Ὁ -F 0 
and 
logx +—casx>Qt. 
(For an alternative proof of these results, see exercise 14.3(1) below.) With this 
information the graph y = log x can easily be drawn. 


The number e is defined by the equation 
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loge = ]. 
The value of ¢ is approximately 2-718 (see exercise 15.6(4)). 
14.2 Theorem Suppose that x >0,y > 0 andr is rational. Then 
(i) logxy = logx + logy 
(ii) log(x") = rlog~x. 
Proof (i) For a fixed value of y > 0, consider the function 
f(x) = log xy —log x. 
We have 
f@) =—=.y9++ 
xy x eS 
for each x > 0. Thus f is constant (theorem 11.7) and 
logs xy—logx = ec (x>0). 
To obtain the value of c, put x = 1. Then 
Ο = logy—log1 = logy. 
(ii) Consider the function 
f(x) = log (x")—r log x. 
We have 
f(x) = τ το δ oe 
Hence fis a constant and 
log (x")—rlogx = ec. 
To obtain the value of c, put x = 1. Then 


c = log1—rlogl = 0. 


Note The logarithm we are discussing here is the ‘natural logarithm’. 
This is sometimes stressed by writing ‘In’ rather than ‘log’. In pure mathematics, 
little occasion arises for the use of ‘logarithms to the base 10° as found in the 


familiar logarithmic tables. 


14,3 Exercise 


(1) Prove that log 2 > 0. By considering log 2” and log 2~", show that 


logx ~+ asx —~>-+ and that logx ~— asx -Ξ ᾿ Ὁ, 


“(2) Prove that, for each y > 0, log y <y — 1. If s isa positive rational 


number and x > 1, deduce that 


Ὁ) 


Ἃ) 


"6) 


(6) 
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x? 
log x Ἐν - 


Given a positive rational number r, prove that 

(i)x" logx >Oasx>+o 

(ii) vy" logy τὸ 0 85} Ὁ Ἐ, 
(These results are usually remembered by saying ‘powers drown 
logarithms’.) [ Hint: take 0 <s <r when proving (i).] 
Show that F(x) =x log x —x isa primitive for log x on (0, 99). Deduce 
that 


[ log (1 Ἐχ)άχ = 2log2—1. 
0 


Hence show that 


1/n 
1 [(2η}! 4 
Ὡς Το Ξ -- ἃς ἢ -ΞὉ co, 
ἴοβ = | * log τ as ἢ 


[ Hint: recall example 13.17.] 
Show that the equation log x = ax has solutions if and only if ae <1. 
Show that 


elogx<x (x>0) 


with equality if and only if x = e. 

Suppose that x; >e and χη =¢ log x, (n = 1,2,...). Prove that 
Xn ΠΡ Ε ἃ5 ἢ -Ὁ οὐ, 
Prove the existence of a real number y (Euler’s constant) with the pro- 
perty that 


ee a ee n>yasn>oo 
ae Ta 8 ᾿ 


[ Hint: theorem 13.32.} Hence show that 


a nm-l | 1 
TS geo ΤΠ ΠῚ 
n=1 # ἔ : ᾿ 


Evaluate 
(i)D {(logx)} (x >O ands rational) 
(ii) D {loglogx} (x >1). 

Hence show that the series 

ore ΠΘΕ 

n=1 "(log 2)" 

converges if r > 1 and diverges if Ξ 1. (See theorems 6.5 and 6.6 for 

comparison.) [ Hint: theorem 13.32 again.| 
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144 Exponential 

From theorem 12.10 we may deduce the existence of an inverse func- 
tion to the logarithm. We call this inverse function the exponential function and 
write 

y = expxifand only ifx = logy. 
Since the logarithm function has domain (0, °°) and range R, the exponential 
function has domain R and range (0, ©). 


y=expx 


Ι 
Ι 
Ι 
Ι 
| 
Ι 
Ι 
| 
Ϊ 


0 


= 


Observe that the exponential function is strictly increasing on R and that 
exp x > + asx τὸ + οὐ 
exp x >O asx >— ©, 

1 I 

Diogy — 1/y 


Thus the exponential function is its own derivative. 


Also 


Dexpx = = y = expx. 


14.5. Exercise 


(1) If x and y are real numbers and r is rational, prove that 
(i) exp (x +y) = (exp x)(exp y) 
(ii) exp (rx) = (exp x)’. 
| Hint: These may be deduced from theorem 14.2. Alternatively, they 
may be proved directly. In the case of (i), for example, by differentiat- 
ing 


exp (x + y)/(exp x) 


with respect to x.| 
(2) Prove that, for any rational number r, 
(i) x" exp x > + asx >+ 00 
(ii) x" expx > 0 asx >— ©, 
(Roughly speaking, ‘exponentials drown powers’.) 
(3) Use L’H6pital’s rule (exercise 11.8(3)) to prove that 


- 
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expx— log (1+ 
fl πὰ 55. 
x 


x >0O -- ἢ xX 


1. 


(4) Suppose that A is positive and continuous on [0, ©) and that 
h(x) 2 H(x)(x 2 0), where 


x 

H(x) = i+| h(t)dt. 
0 

Prove that, for any x > Ὁ, 


h(x) 2 exp x. 


(5) Determine the range of values of x for which the function f: R>R 
defined by 


f(x) = exp {18x°} 


is (2) convex, (b) concave. 
(6) If fis continuous and increasing on [0, °°), prove that 


| fear < Σ ΓΞ [πὴ α. 
‘ R=1 1 


Deduce that ἢ logn —n <log nm! <(n + 1) log (m + 1) —n and hence 


show that 

n” | (n Ae Lyi? 

i <expns nl Ἶ 
14.6 Powers 


If a >0O and ris rational, then we have defined the expression α΄. We 
propose to extend this definition to include non-rational exponents. 
If a > 0 and x is real, we define 
αὖ = exp (x loga). 
But does this definition agree with our old definition in the case when x is 
rational? It follows from theorem 14.2(ii) that, ifr is rational, then 
exp {rloga} = exp {log(a”)} = a’. 
Recall that e is defined by log e = 1. Equivalently, e = exp 1. Observe that 
x“ 


e* = exp {x loge} = expx 


which explains the familiar notation for the exponential function. 
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14.7 Exercise 


(1) If@and ὃ are positive, prove the following. 
(ἢ αὖ τὸ arr (ἢ ey =." 


οὐ == ” WW 6) =e. 


a 


(2) Prove that the derivative of a* with respect to x is (log α) αὖ. 
(3) Write 
nh 


: x | x 
+—) = exp (nlog{/1+— 
( "| exp " με! 3 


and hence show that 


lim [+2] = 6" 
oa ἢ 


(see example 4.19). [ Hint: theorem 8.9 and exercise 14.5 (3ii).] 
(4) Write 


J 
Εἶπε ὧν 
n exp 2 log | 


and hence show that n'/" > 1 as n > οὐ (see exercises 4.20(6) and 
5.7(1)). 


(5) Discuss the existence of the following improper integrals. 


@{ 6.2 dx Gi 


| Hint: proposition 13.29.] 
*(6) Obtain all solutions of the functional equations 


(Gi) f(xty) = f(x)+f(y) ἘΠ, ER) 
(Gi) f(xty) = f(x*)f(y) (*ER,y ER) 
(iii) f(xy) = f(x) +f(y) (x > 0,y >0) 
(iv) f(xy) = [(Ἱ FO) (x >0,y >0) 


for which the derivative of f exists and is continuous wherever [ is 
defined. For (ii) and (iv) you may assume that f never takes the value 
zero. 


x77) e*d ἊΝ τοι : 
x (iii) 14yeo* 


15 POWER SERIES 


15.1 Interval of convergence 
A power series about the point £ is an expression of the form 


Σ ane #)" 


in which x is a variable. 


15.2 Theorem The set of values of x for which a power series 
τ αρί(χ ἥδ ΣΕ 
n=0 

converges is an interval with midpoint ἕξ. 

Proof We shall show that, if the power series converges when x = y, 
then it converges for all x satisfying |x —&|<|y» -- ξ]. The theorem then 
follows. 

| [χε] ι»--ἰ 


x | Ἵ ; Ἣν 
If the power series converges when x = y, then 
an(y —£)"7>O0asn>e (theorem 6.9). 
Hence the sequence (a,(y — £)”) is bounded (theorem 4.25). Thus, for some H, 
ja,(¥-éV 1S @ = 1,2,...). 
Now suppose that |x —&|<|y —&|. Then 


Ιχ --ξὶ 
= ----:- <I. 
᾽ »--Ξξ! 
Hence ine, . 
Ισιίχ -- er | ss lan(y — &)"\.p < Ho (n me ie ieee = 


The convergence of the power series 
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om 


δ, an(x —£)” 
n=0 


now follows from the comparison test (theorem 6.15) since 2p-9e" converges. 


We call the set of values of x for which a power series converges its interval of 
convergence. If the endpoints of the interval of convergence are § — R and 
& + R, we cail Καὶ the radius of convergence of the power series. (If the interval of 
convergence is the set R of all real numbers, we say that the radius of conver- 
gence is infinite.) 

The proof of theorem 15.2 shows that a power series converges absolutely at 
all points of its interval of convergence with the possible exception of the end- 
points. At the endpoints the series may converge absolutely or it may converge 
conditionally or it may diverge. 

It is sometimes useful to observe that the radius of convergence R is given by 


1 

ΞΕΞΞ ἘΞ li: | | 1/n 

alee 
and 

| ft. 

— = lim Ant) : 

R n+o | dy, 


The formulae are justified by propositions 6.17 and 6.18. In both cases, appro- 
priate conventions must be adopted if the right hand side of the formula happens 
to be ὃ or + 99, In the second case, of course, the sequence (|@,4,{/|@, |) may 
oscillate. If this happens, the limit does not exist and so the second formula 
becomes useless. 


15.3 Example We list some power series about the point 0, together with 
their intervals of convergence. In each case, the radius of convergence can be 
calculated using the second of the formulae above. In the last three cases one is 
then left with the problem of whether or not the endpoints of the interval of 
convergence belong to the interval of convergence. 


Power series interval of convergence 
ais n 
᾿ τὰν R 
n=0 
>, (nx)" {0} 
ΓΞ 
ἜΣ {-1 ἢ 
n=0 
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Power series 
δὰ FL 
5 -- [~1,1) 
n=1 n 
οῤ [-- 1,1] 
n=} ἢ 


15.4 Taylor series 

Suppose that f can be differentiated as often as we choose in some open 
interval / containing the point £. Then its Taylor series expansion about the 
point & is 


£ EP pe = Δ ὩΣ ED q+ FP pews. 


It should not be automatically assumed that this power series converges with 
sum f(x). Indeed there is no reason, in general, to suppose that it converges at 
all (except when x = £) and, even if it does converge, its sum need not be f(x) 
(see exercise 15.6(6) below). A function f which is the sum of its Taylor series 
expansion in some open interval containing ἕξ is said to be analytic at the point ἕξ, 

The most natural way of showing that a function is analytic is to prove that 
the error term in Taylor’s theorem (theorem 11.10) tends to zero 85 Η > 99, 


15.5 Example It is pafticularly easy to write down the Taylor series expan- 
sion of the exponential function about the point 0. If f(x) = exp x, then 
f(x) = exp x. Since exp 0 = i, the expansion is 


x" 


[18 


ΠΝ 


ll 
Φ 


ni 


From examples 15.3 we know that this power series converges for all x. Is its 
sum e*? From Taylor’s theorem we know that 
, 2 n=] n 
x x x 
ἐξ yt 44+... + He, 
i! 2! (n—1)! π! 


where 7 lies between 0 and x. Hence 


Sane ΤΡ ΤΕ a = ἢ οἷ 
1) 2! 6 (ν-- ἢ! n! 
< [x |" οἰ 
n! 
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(by exercise 4.20(4) or by theorem 6.9). The partial sums of the power series 
therefore converge to οὖ, and thus, for all values of x, 


15.6 Exercise 


(1) Determine the intervals of convergence of the following power series 


— χὴ “ἀν aie ee ᾿ x2" 
(i) Σ, Β (ii) py nlx (iii) . (— 1) Qn)! 


ΧΗ] 1\2 
! 


(iv) by ἐπ)" (π 8 1}! ΠΕῚῚ (v) ἢ sas ao (νὴ Σ.5 


n=1 (Qn)! n 


(2) Prove that the Taylor series expansion of log (1 + x) about the point 0 
is 


= πῆ: 
-1)5]-Ἐ-χ-- ---“ - -- κα 

Σ, ἐγ} ἢ Sa ama 

Using Taylor's theorem in the form given by exercise 13.26(6) show 

that this power series converges to log (1 + x) for— 1 <x <1. Hence 

give another proof of the identity 


log 2 = 1—3+4-—44+... 


(see exercise 14.3(5)). 
(3) Prove that the application of Taylor’s theorem in the form of theorem 
11.10 (with £ = 0) to the function log (1 + x) yields a remainder term 


of the form 
_4\n-l be 
ΞΔ — {Ὁ wy 
Η l+n 


where 7 lies between Ὁ and x. For what values of x is it possible to 
show that Εἰ, > 0 as ἢ > © without further information about the 
manner in which 7 depends on x and n? 

(4) Prove that 


Ϊ ] i “08 1 
(M+)! +2! Sera n+1° 


Deduce that 
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ae ote ee OE: 
$+ +—+—} <—— 
ile -| ἢ i 100 


and hence show that 2:7083 <e < 2-7184. 
*(5) Prove that e is irrational. [Hint: assume that e = m/n, where m and n 
are natural numbers and seek a contradiction using the inequality of 


question 4.] 
eX (x #0) 
0 (x = 0). 


Show that, for any x #0, 


F(X) = Pp. 5 ele 
x 


where P is a polynomial of degree 37. [ Hint: use induction.] Using 
exercise 14.5(2), deduce that, for each natural number 7, 


Plies © 


x 


>+Oasx7O+. 


Hence show that f can be differentiated as many times as we choose at 
the point 0 and f°"(0) = 0 (n = 0, 1,2, ...). 

Write down the Taylor series expansion of f about the point 0. For 
what values of x does this converge to f(x)? | 


15.7 Continuity and differentiation 

The following proposition is useful. Its proof has been placed in the 
appendix since it is somewhat involved. The reader will encounter the proof 
again at a later stage when studying ‘uniform convergence’. 


15.8 ~~ Proposition Suppose that the power series 
f(x) = os Ay, (x πὸ 5}: 
n=0 


has interval of convergence J. Then its sum is continuous on 1 and differentiable 
on J (except at the endpoints). Moreover 


ΓΟ) = Σ᾿ πα,α -- ἔ)π-. 


n=l] 


148 Power series 


Power series | we — 149 
15.9 Example Proposition 15.8 allows us to tackle exercise 15.6(2) in an a(a— 1) 
alternative way. (l+x)* = 1+ax+——— x? +... 


2! 
We know that the power series . 
provided that | x |< 1 (general binomial theorem). 


3 (-1)"" ag | (2) Prove that the power series 
Ht=] iH oo 
Pa ae 
has interval of convergence (— 1, 1] (see Example 15.3). Hence, by proposition n=0 


15.8, it is differentiable on (— 1, 1) and Ψ΄. 
converges for |x| <1 and determine its sum. 


D 3 (-- 1)5-| a a Ἐ (- 1)π-|χη (3) Suppose that the power series 
n=] A n=1 : on 
on | f(x) = ἀρ oh 
= 1—x+x?—x3+... | Σ " 
= we (-—1<x<1) has interval of convergence J. If y Ἑ 7 but is not an endpoint of J, 
l+x | 


prove that 
It follows that, for each x © (— 1, 1), 


J Ἢ an n+ 
{ ede 3 ty, 
| = sy Ι Ϊ | nap eel 
b {ios +3)- μὴ coe -------- = 0 

ΝΣ ὴ | (4) Prove that 


and therefore that co +1log {1 —x 
ee | ET ag 
oo x" n=0 π᾿ 5 x 
ἐξ ΤΡ = te yr — +e eed 
n=l n (5) Suppose that the two power series 
where c is a constant (theorem 11.7). By substituting x = 0, we see that the con- 
stant ὁ = 0. : 


δ an(x—8)", ἢ ba(x -- ἢ)" 


Since the power series is continuous on (— 1, 1], my 
= converge in some open interval / containing ἕξ. Prove that their sums are 
log 2 = lim oe (1+ =| = lim 5 (—1)"" _ equal for each x € / if and only if 
—1- τοῖς |n=1 n 
Ἱ varie τ Ly tes, 
| 
: ef — 3)?" (6) Suppose that the power series 
Σ ἘΞ 
n=] 


y=f(x) = Σ ane” 


Fite ot 


15.10 Exercise 
(1) Let a be a real number. By considering 


converges for all real x and satisfies the differential equation 


ate —1) 54a net 1) Ln 


Diatxy* ¥ = 


=0 1 
: Show that dn.; =——— a, (n = 0, 1, 2, . . .) and deduce that 
for |x | <1, show that oe | 


f(x) = age™. 


16 TRIGONOMETRIC FUNCTIONS 


16.1 Introduction 
We based our definitions of the exponential and logarithm functions on 
the formula 


logx = | - - 

We could equally well have begun with the differential equation 
dy 
dx 


and defined the exponential function as the sum of a power series as indicated in 
exercise 15.10(6). 

In a similar way, the definitions of the trigonometric functions can be based 
on the formula 


dt 
arctan x =| ane 
Jo 1+2° 
We prefer, however, to base them on the differential equation 
d*y 
se ἐς = 0 
dx? * 


We already have some intuitive ideas about the sine and cosine functions from 
elementary geometry and trigonometry. It is therefore sensible to begin by indi- 
cating why the sine and cosine functions, as conceived of in trigonometry, 
should be expected to satisfy this differential equation. 

In the diagram, the angle x is measured in radians and y = sin x and z = cos x. 

By the sort of argument considered adequate in elementary trigonometry, we 
obtain 


from which it follows that 
ae: ον as... dy 
dx? dx dx? dx 
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16.2 Sine and cosine 
Suppose that the power series 


ΓΟ) = Σ ane” 


converges for all real values of x and that 


ΓΟ ΟῚ) = 
By proposition 15.8, 
f(x) = aot ax+  agx*+...+ ae τὶ, 
f(x) = apt 2agx+ 3agx?+...4+ (n+ 1)α, χ᾽ Ἔ . 


ΓΟ) = 26. + 3.2agx +4.3agx? Ἐς Ἔ (+2) + 1)α,,.2Χ" +. 


Thus, to satisfy the differential equation, ἂρ and a, may be chosen in any 
way, but then the remaining coefficients must be chosen to satisfy 


(n+2)(n + 1)dpig tan = 0 (n = 0,1,2,...). 


This recurrence relation is readily solved and we obtain 


x yen 
= —1)" + πο---- 
f(x) Ao a {(-Ὁ (2n)! ay 4 {- Ont D! 
We want sin 0 = 0 and Dsin 0 = cos 0 = 1. We therefore define 
ent x3 
nx = ] = Nooo Pas 
sin x Σ (— 1)” Qn+)! x 31 AL 
Similarly 
xn x? 
= -- 1" =1—-—+... 
cos x ΝΣ 1) (ny! 5: 
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Both these power series converge for all values of x by comparison with the 
power series for e”. 

Note that we take these formulae as definitions. The definitions of elementary 
trigonometry concerning the ‘opposite’, the ‘adjacent’ and the ‘hypotenuse’ are 
not precise enough for our purposes in this book. The remarks of $16.1 are 
simply intended to indicate why we chose to define sine and cosine as we did. 


16.3 Exercise 

(1) Prove the following. 
(i) cosO = 1 (ii) sinO = 0 

(iii) cos(—x) = cosx (iv) sin(—x) = —sinx. 
Show that, for all values of x, 
(v)Dcosx=—sinx (vi)Dsinx = cosx. 

(2) Let ν be any real number and define 
g(x) = sin(x +y)—sinx cos y —cos~x sin y 
h(x) = cos(x +y)—cosx cosy +sin x βίῃ γ. 


Differentiate {g(x)}* + {h(x)}? with respect to x and hence show that, 
for all values of x and γ, 
sin (x +y) = sinx cosy + cosx sin y 
cos (x +y) = cosx cosy —sinx siny. 
(3) Use the previous question to prove the following. 
(i) cos?x +sin?x = 1 (ii) |cosx| <1 and |sinx|<1 
(iii) sin 2x = 2sinxcosx (iv) cos2x = cos*x —sin*x. 


(4) Use L’HGpital’s rule to prove that 
sin xX 
(i) ἐστε τὰ asx >0 


__ se cory. 1 
(1). es ia ee. 
x Z 


Τ(5) Use the mean value theorem to show that, for all values of x 


sin x 


x 


= 


Hence show that the series Σῃς sin (1/n*) converges. Discuss the con- 
vergence of Ση- sin (1/7). 
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*(6) Use exercise 13.26(5) to prove that 


[ἡ ar < = 

ef nh 

provided that n >m > 0. Explain why it is possible to deduce the 
existence of the limit 

nsint 


lim | anes GT 
n> oo "1 i 


16.4 Periodicity 
_ Since cos 0 = 1 and cos (~ x) = cos x and the cosine function is con- 
tinuous, there exists a § > 0 such that cos x > 0 for x € (— &, £). 

But the cosine function is not positive all the time. If this were the case, then 
it would follow from the formula D* cos x = — cos x that the cosine function 
was concave. But a bounded, differentiable function cannot be concave unless it 
is constant (exercise 12,.21(5)). 

It follows that there exists a smallest positive number £ for which cos ¢ = 0. 
We define the real number 7 by 

an = ἔ. 

By definition, cos ἐπ = cos (— 4m) = 0 and cos x > 0 for — 3a <x « ἐπ. We 
show that sin ἔπ = 1. It follows from the formula cos” x + sin? x = 1 that 
sin? ἐπ = 1. But D sin x = cos x and so the sine function increases on 
[- ἐπ, 42]. Since sin 0 = 0 it follows that sin 47 > 0. 

We now appeal to the formulae of exercise 16.3(2). We have 


sin (x +47) = sinx cos$m + cosx sin ὅπ = cosx 

cos (x +42) = cosx cos} —sinx βίῃ ἐπ = —sinx 
from which it follows, in turn, that 

sin (x +27) = sinx 


cos (x + 27) = cosx. 


Because of these last formulae we say that the sine and cosine functions are 
periodic with period 27, 
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16.5 Exercise Ι and hence obtain the identity 
(1) Prove that the cosine function decreases on [0, 7] and increases on to = 1—$4+4-4+... 
[π. 27]. Prove that it is concave on [— ἔπ, 47] and convex on [47, 7]. ; ee! 
(2) We define the tangent function by (6) Let f: R>R be defined by 
: | 
in x ὡς οἱ 
aie = (x#(n+4)a:n = 0,41, 42,...). ; al (x #0) 
cos x ἱ Μ τ 
| ΠῚ oy, =) 
Prove that tan (x + 7) = tan x provided that x #(n + 4) a wheren =O, (x = 0). 
+], +2,... Show that the tangent function is strictly increasing on | Letg: R>R andh: R>R be defined by g(x) = xf(x) and 
(— 27, 277) and that tan x > + cas x > ὅπ —and tan x > — eas | h(x) = x*f(x). Draw graphs and prove the following. 
se ν᾽ (i) fis not continuous at the point 0. 


(3) Show that the sine function is strictly increasing and continuous on { 
[— 37,37] and that the image of this interval under the sine function 


(ii) g is continuous at the point 0 but not differentiable there. 
is |—1, 1]. If we ignore the fact that the sine function is defined out- | 
| 
| 


(iii) h is differentiable at Ὁ and h'(0) = 0. 


side the interval [— 47, ἔπ]. the function we obtain therefore admits 
an inverse function with domain [— 1, 1] and range [— 47, 377]. We 
call this function the arcsine function. Draw a graph of this function 
and calculate D arcsin x for — 1 <x < 1. (Some authors use the 
notation sin~!x, but we prefer not to, since the sine function has no ; 
inverse. The arcsine function is the inverse of the restriction of the sine 
function to [—47, 47]). | 
Discuss the arccosine function obtained as the inverse of the restric- 
tion of the cosine function to [0,7]. Calculate D arccos x and explain 
how the arcsine and arccosine functions are related. 
(4) Show that the arctangent function, obtained as the inverse of the | 
restriction of the tangent function to (— 47, 47), has domain R and | 
range (— ἔπ, 47). Draw a graph and calculate D arctan x. Hence show 


that ; 
| 

[-Ξ- ἥν. 
Oo l+x? 2° 


(5) Suppose that f has a continuous derivative on R and that 


x+y 
F(X) FIC) ΞῚ ἜΞ2 Ι 
1 ταν 
for each x and y such that xy < 1. Prove that, for some constant C, 
f(x) = C arctan x. By writing x = y in the formula and considering 
what happens when x > | —, prove that arctan 1 = ἀπ. 
Show that, for—1<x <1, | 
ae ae γί 
ECR Ke Ἐπὶ χα pe re τοις ςς 
ἄν. δ΄ Ὁ 
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From (1) it also follows that, for | x |< 1, 


2 
᾿ | x . 
17 THE GAMMA FUNCTION f(x) Ξ τ ἘΣ Ῥω 
β ΓΈ 
| ~ 3(1—x?y 
] Thus 
| ee ee. Gee 
| nN τσ Ἐ1}5--:}} 125. 12@4+1) 
17.1 Stirling’s formula | It follows that the sequence (ὦ, —(12n) ') is increasing. In particular, 
If (a,,) and (b,,) are sequences of real numbers, the notation a,, ~ b,, . d, “- 2}. 545 τ (n= 1,2,...) 
means that ἢ : 
᾿ and hence the sequence (d,,) is bounded below. Since (d,) decreases, it follows 
ot ied κα νὰ τὸ that (d,,) converges. 
Dn , Suppose that ὦ, > d as n > ©. Since the exponential function i is continuous at 


every point, exp d, > expd asn > οὐ, Let C= expd then 
172 -Proposition (Stirling’s formula) | 


ai V2mn" nen", μη} 3.5" ( 85 no 
Proof Consider the sequence (d,,) defined by It remains to show that C = +/(27). We leave this as an exercise (exercise 
17.4(1) and (2)). 


dn = logn!—(n+4)logn+n. 
We seek to show that (d,,) decreases and so we examine the sign of 


) 17.3! The gamma function 
dyn —dniy = —log(n+1)—(n +9) logn+(n + 3)log(n+1)—1 


The gamma function is defined on (0, 99) by the formula. 


Se | l n+ 1) j ae 
= ES log "ἄν -Ἰ ᾿ Mx = ἡ @ t*e-tdt (x>0). 


To justify the existence of the improper integral, we appeal to proposition 13.29. 


τ antl, eee 


2 (2n+1y! In view of the inequality 
But, for |x| <1, | t®-le-te τι (¢ > 0) 
Ι νιν the existence of the integral [ἦς t*~'e-'dt follows from that of [ἦν t*—! dt, pro- 
f(x) = ox log ae Ι ; vided that x > 0. Since t***e τὶ +O ast +, we have, for some H > 0, 
εὐ: ἐπ ΞΕ] {351} 
i ] x x* x? x? | — co =o -- 
eon a + {ree πῶ, and | and hence the existence of J, t*-le-' dt follows from that of [ΠΣ “αἱ. 
cca ike salar: cae | | 
7 ey (1) | 17.4' Exercise 
= particular, f(x) 55 Ὁ for |x|<1 and thus d, —dy.,; >0 (1 = 1,2,...). ΤᾺ} Let J, = (2 sin” x dx (n =0, 1, 2,...). Prove that {10} is a decreasing 
Therefore (dy) decreases. | sequence of positive numbers which satisfies ni, =(n— line 
(ἢ ΞΞ 2.3......... 
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Deduce that 
Ϊ Zn 


a ΣᾺ FE ὁ, 
lane 


ΤΩ) With the notation of the previous question, establish the identities 


(2n)! π bugle 
i, = ae ΞΘ 0,1]... 
(2"n!)? 


eo aang 


Hence show that the constant C obtained in §17.2 satisfies C= «/(27). 
"(3) Letd, =logn! —(n + 4) logn +n. Show that the sequence 

(ὦ, — (12n)') increases but that the sequence (ὦ, —(12n + 1)') 

decreases. Deduce that 


n! 
giant eS Vi2n 


JQn)nne" € 


Hence estimate the error on approximating to 100! by Stirling’s 
formula. Is this error large or small compared with the value of 100!? 
(4) Show that P(x + 1) =xI'(x)(x > 0). Deduce that, form = 1, 2,3,..., 


(n+) = n! 


Τ(5) Prove that the gamma function is continuous on (0, ©). | Hint: If 
0O<a<a<x<y <b <§, prove that, for some constant H which does 
not depend on x or y, |[(x) -- Γίν) |< Al x —y | {T(a) + T@)}.] 

(6) Prove that the logarithm of the gamma function is convex on (0, ©). 
| Hint: exercise 12.21(6) and theorem 13.25.] 


17.5' Properties of the gamma function 

The gamma function provides a generalisation of the factorial function 
(see exercise 17.4(4)). Is it the only such generalisation? 
1767} Theorem Let f be positive and continuous on (0, 99) and let its 
logarithm be convex on (0, °°). If f satisfies the functional equation 

f(x +1) = χα) (x>0) 
and f(1) = 1, then 

f(x) = T(x) (*>0). 


Proof The proof consists of showing that, under the hypotheses of the 
theorem, for each x > 0, 
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n*n! | 
[χὴ = lin —— (2) 
FD oP ole = Fy, EA 


It follows from exercise 17.4(4, 5 and 6) that the gamma function satisfies 
the hypotheses of the theorem. Since a sequence can have at most one limit, we 
can therefore conclude from (2) that f(x) = (x) (x > 0). 

The proof of (2) uses the convexity of log f. Suppose thats <¢t<s +1. Then 
we may write t=as +6 (s + 1) where α > 0,8 2O anda+f=1. Now 
t=(a+8)s+B=s+ Bandsop=t-—s. 

From the convexity of log f, it follows that 

log f(t) < alog f(s) + B log f(s + 1) 
f(t) < {Ὁ} 6 + YD} 
{{6}} 05.116} 
sPFis) = 5.5 (Ὁ}. (3) 
Since s <¢t<s + 1, we also have ὶ — 1 <s <f. Making appropriate substitu- 
tions in (3), we obtain 
fs <¢-1) γα -1) = €-1)°'F ©. (4) 
Combining (3) and (4) yields the inequality 
(t —1)**F(s) Ξ (ἢ Ξε 116). 


Now suppose that 0 <x « 1 and that ἢ is a natural number. We may take 
s=n+landt=x+n+1. Then 


(x tn)*f(nt+1)<f(xtnt+1)<(t lyf + 1). (5) 


From this inequality it follows that 
(x +n)*n! <(x tnx +n—1)...xf(x)<@ +t 1)*n! 
( +3) ee tmx τη - ἢ)... -xf@) ς (+2) | 
nH nn! n 


This completes the proof of the formula (2) in the case when0 <x <1. The 
general case is easily deduced with the help of the functional equation 


f(x + 1) =xf(*). 


17.7' Exercise 
ΤᾺ) Ifx >0, prove that 


r(x) = ᾿ ho ἢ dt. 
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(2) Prove that I(x) ~ νπ)χχ "32 ε ᾿ς This is Stirling’s formula for the 
gamma function. [ Hint: see theorem 17.6, inequality (5). ] 
*(3) Use L’H6pital’s rule to show that 


ἐπ face Sa τες ὁ 
ba Ζ2 "Ἢ 


With the help of Stirling’s formula for the gamma function, deduce 


that, for all x > 0, 
1 on 
(νι μείω + x+/u) > —— e-* 13 asu > +00 
(27) 
where 


, »» ΕἾ “-1.-Ὁ 
᾿ (9) = far 

(4) The beta function is the function of two variables defined for x > 0 and 
y > Ὁ by the formula 


: τὸ 1 Ἶ 
B(x,y) =[ ret) — 2)" δι. 


Check that the improper integral exists provided that x > 0 and 
y > 0. Prove that, for a given fixed value of y > 0, B(x, y) is a positive, 
continuous function of x on (0, ©) whose logarithm is convex on 
(0, ©). 
¥(5) With the notation of the previous question, prove that, for a given fixed 
value of y > 0, the function f: (0, 99) -Ὁ. αὶ defined by 


r(x Ἐν) 
f(x) = —— B(x, y) (x>0 
Poy BOY) &>0) 

satisfies the conditions of theorem 17.6. Deduce that, for x >0 and 
»:»ΟΌ, 

Γί(ΧΓ(ν 
ΓΤ POT) 

r(x + y) 


(6) Use the previous question to evaluate (4). Hence show that 


= on + 
t ew is ae ee 4 n 


18 APPENDIX 


18.1 Introduction 

In the preceding chapters a number of results were stated without 
proof. These results were referred to as ‘propositions’. The proofs were omitted 
from the main body of the text to avoid confusing the issue with too much 
detail. Instead we give the proofs here. 


18.2 Bounded sets 


Proposition 2.3 A set S of real numbers is bounded if and only if there 
exists a real number Καὶ such that |x ] Ξ Καὶ for any x ES. 

Proof By exercise 1.20(1), |x |<< if and only if—-K <x SK. If 
|x|<XK for any x €S, it follows that — Καὶ is a lower bound for S and K is an 
upper bound for S. Thus S is bounded. | 

Suppose, on the other hand, that 5 is bounded. Let Η be an upper bound and 
h a lower bound. Put Καὶ = max {| H|, |A|}. Then 


—K<h<xsH<K (xE5S) 
and hence |x| Ξ Καὶ for any x € S. 


18.3 Combination theorem 


Proposition 4.8 Let x, ~lasn> candy, *~masn~>. Letr and py 
be any real numbers. Then 
fi) AX, ἜΜ, Ὁ ΧΙ Ἔ os Ὁ 99 
(ii) X,Y, "Ὁ lm ἃ5 ἢ τὸ 99 
(iii ace i as n > οὐ (provided that m #0). 
Yn m 
Proofs of (ii) and (iii) 
(ii) Since (x,,) converges, it is bounded (theorem 4.2 5). Suppose that 
|x, |= K(@m=1,2,3,.. .). Consider 
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[Xn¥n—lm| = |XpVn—Xpm + xX,m —Im | 
< |Xnl-|¥n —mi+i|m|.|x, —1| (triangle inequality) 
= K.|¥,—m|+i|m[.|x,—I1 | 
= Ζ,. 


But x, > /asn cand so | x, —/| > 0 85 ἢ > © (exercise 4.29(1i)). Similarly 
|\¥n —~m|>O0asn >. From proposition 4.8(i), z, > 0 as ἢ > ©. The result 
then follows from corollary 4.11. 

(iii) Since y, > masn>,|y,|>|m|asn > (exercise 4.29 (111}}. Since 
m#Q,|m|—>0. It follows from exercise 4.29(2) that we can find an V such 
that, for anyn > JN, 

I¥nl>4|m|. 

For n > N, consider 


Set 


Yn ΠῚ] 


2 
im E |X τ ΕΓ]: 


By proposition 4.8 (1), mx, —y,/ τὴ ml —ml =0 as ἢ > οὐ, The result therefore 
follows from corollary 4.11. 


18.4 Subsequences 


| Proposition 5.13 Let (x,,) be a bounded sequence and let L be the set 
of all real numbers which are the limit of some subsequence of (x,,). Then L has 
a maximum and a minimum. 

Proof The set L is non-empty (Bolzano—Weierstrass theorem) and 
bounded (theorem 4,23). Hence 1, has a smallest upper bound/. We seek to show 
that / € L, i.e. there exists a subsequence (x, ) such that x,, >] as r> oo, 

Let e > 0. Then $¢ > 0. Since / is the smallest upper onc of L,/ — ke is not 
an upper bound of L. Hence there exists an / € L such that 


i>Il>I1—-ke. 
and therefore 
\i—1| < te. (1) 


Because / € L, we can find a subsequence (x,, .) which satisfies x, > ἰ 88 r+ 9, 
Hence there exists an Καὶ such that, for any r =, R, 


Eee ἘΞ τ, (2) 
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Taking (1) and (2) together, we obtain, for any r > Κὶ, 


l\Xm,—21 = ΤΣ eed 
εἰ been Lal | a | 
< tet+the 


i.e. foranyr >R, 

| Xm). —{ Ι - ε. 
This does not conclude the proof since the subsequence (x,,_) will change as € 
changes. All we have shown is that, given any ε > 0, there exists an infinite 
collection of terms χη of the sequence ¢x,,) which satisfy 

[ea Se. (3) 


With this information, we construct inductively a subsequence (x, ) which 
satisfies x, las r+ ©. Ἷ 
Take ε = 1 in (3). Then there exists an m, such that | x,, —/|< 1. Take 


e =} in (3). Then there exists an m2 >, such that | Χο, — 1| <4. In this way we 
construct a subsequence (x,,_) which satisfies 


- _1 
5.7 EP 
r 


and hence x, > las r > °° (sandwich theorem). 
A similar argument shows that the infimum lot L also belongs to L. 


Proposition 5.17 Any convergent sequence is a Cauchy sequence. 
Proof Let εἰ Ὁ be given. Then $e > 0. If x, >/ asn > οὐ, then we can 
find an N such that, for any n > N, 


lx, —I|< $e. 
Equally, for any m > N, 


\Xm —ll|<4e. 
Thus, ifm >Nandn > WN, 
[ten Ξ Pai ft eel 


< |x, —I|+|xm—Il|<tet+ fe = 


and thus (x,,) is a Cauchy sequence. 


Proposition 5.18 Any Cauchy sequence is bounded. 

Proof Let (x,) be a Cauchy sequence. It is true that, for any € > 0, we 
can find an N such that, for any ἡ > Ν and any m > N, | Xp το χρη] <e. In parti 
cular, this is true when ε = 1, i.e. there exists an Ny such that, for any n > Ny 
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and any m > Ν᾿. 
ee 

Take m = N, +1. Then, by theorem 1.18, for anyn >, 
|Xnl—|¥n ail S1%n ταν εἰ 5:1} 
[Xn 1<lenerl +1. 

Now take 

K = max {| x1|,|x2l,..-,/*w, |, |¥n,+1!+ 1 


and it follows that |x, |< K (w#=1,2,...). 


18.5 Tests for convergence of series 
Proposition 6.17 (ratio test) 
Let Σῆκ ἄρῃ be a series which satisfies 


Qn+4 
Ly 


lim 


ASS 


= [, 


If / > 1, the series diverges and, if / <1, the series converges. 


Proof The text indicates the proof for the case / <1. If] >1, we may 
take ε > 0 so small that / — e > 1. Then, for a sufficiently large value of N, 


an an] an+2 


ΓΗ ΞΞ «|2nr+1 | 


ayy [Qn-2 ἄπει 
> (1-- ΕἸ ΝΗ |an.,| > +e ἃς Η >, 


Hence a, PO asn >and 50 Ση-" a, diverges. 


Proposition 6.18 (nth root test) Let Στ a, be a series which satisfies 


lim sup |a,, |!/" = 1. 


n-* ee 


If > 1, the series diverges and, if / < 1, the series converges. 


Proof Let x, =|a, |!!". If 1< 1, we may choose € > 0 so small that 
!+é<1. From exercise 5.15(4) it follows that we can find an N such that, for 
any n > N, 


Ky Sct ES 
[4,.} ΦΞ { + ey". 


1.8. 


Since D,-, {1 + €)” converges, the convergence of 7, a, follows from the 
comparison test. 


; 
J 
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If ] > 1, we may choose ε > Ὁ so small that/ —e > 1. Let (x,,) be a sub- 
sequence such that x,,>/asr °° (proposition 5.13). We can find an R such 
that, foranyr > R, 

Xn, ΡΤ 6) 


[ας ΠΣ Ε( -- ε)πτ > + as ro. 


1.6. 


Hence a,, 70 as n > © (theorem 5.2) and thus Z,=; 4p diverges. 


18.6 Limits of functions 


Proposition 8.4 Let f be defined on an interval (a, b) except possibly 
at a point £ € (2, b). Then f(x) >/ as x > & if and only if f(x)>lasx > & —and 
f(x) > lasx>é +. 

Proof (i) Suppose that f(x) > / as x > &. Let e > 0 be given. Then we 
can find a ὃ > Ὁ such that 


fi τῆ κε 


provided that 0 «|χ --ξἰ “δ. But&—6 <x “Ὲ implies thatO<|x—§&|<6 
(see §8.3). Hence ἕ —5 <x <£€ implies that | f(x) —1\ <e. Thus f(x) >/as 
Ye, 

cies σε implies that O< |x —&|<6. Hence ἕξ x<&+6 
implies that | f(x) —1|<e. Thus f(x) +lasx > & +. 

(ii) Suppose that f(x) -Ὁ 1 asx > & —and f(x) >lasx τὸ +. Lete >0 be 
given. We can find a 5, > 0 such that | f(x) —/|<e provided that 


So 55 oe es 

Also we can find a 5, > 0 such that | f(x) —/|<e provided that 
E<x<i δ. 

Let 6 = min {6,, δι). Then | f(x) —/|<e provided that 
t—§<x<tandi<x<&—S 
E—6<x<&+6andx Fé 
Os, [x —21 ὃ. 

Thus f(x) > las x > &. 


Proposition 8.12 Let f and g be defined on an interval except possibly 


_at £ € (a,b). Suppose that f(x) > / as x > ἕ and g(x) > mas x > &— and suppose 


that ἃ and μ are any real numbers. Then 
(i) Af (x) + ug(x) > Al + umasx>é 
(ii) f(x) g(x) elm asx > ἕ 
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(11) f(x)/g(x) > 1/m as x > & (provided μὴ τὸ 0). 

Proof (i) Let (x,,) be any sequence of points of (a, b) such that x, # & 
(n=1,2,...)andx, τὸ ξ 85 ἢ >. By theorem 8.9, f(x,,) ~lasn > and 
g(x,)?>masn-— ©, By proposition 4.8 (1) 

AS (X,) + ug(x,) > Al + um as n>, 

Appealing to theorem 8.9 again we obtain 

Af (x) + ug(x) > Al + wm asx > =. 


Items (ii) and (iii) are proved in exactly the same way. 


Proposition 8.14 Let f,g and ἢ be defined on (a, b) except possibly at 
ΣῈ (a, b). Suppose that g(x) τὸ 1 85 x > £,h(x)->/as x > & and that 


g(x) < f(x) <h(x) 
except possibly when x = &. Then f(x) ~>/lasx > é. 

Proof Let (χη be a sequence of points of (a, b) such that x, #£ 
(1 =1,2,...)and x, > ἔ 85 ἢ -Ξ οὐ, By theorem 8.9, 2¢(x,)~/asn > ο9 and 


h(x,) >lasn— ©, Since g(x,) <f(x,)<h(x,,) it follows from theorem 4.10 
that f(x,) >] as n >. Hence f(x) 1 as x τὸ £ by theorem 8.9. 


18.7 Continuity 


Proposition 9.3 Let f be defined on an interval. Then fis continuous 
on /if and only if, given any x € J and any e > 0, we can find a 5 > 0 such that 


f(x) -f(y)|<e 
provided that y€Jand |x—y|<6. 

Proof \f x €/ but is not an endpoint of J, then the condition y € J and 
|x —y| <6 is just the same as | x —y | <6 provided that ὃ is sufficiently small. 
The criterion given in the proposition therefore reduces to the assertion that 
f(y) > f(x) as »y > x, ie. f is continuous at x. 

Suppose that x € 7 and is a left hand endpoint of J. The the condition y € J 
and | x —y|<6 reduces tox < y <x + 6, provided that 6 is sufficiently small. 
The criterion of the proposition therefore reduces to f(y) > f(x) as py > x +, 
i.e. fis continuous on the right at x. Similarly if x € J and is a right hand end- 
point. 


Propositions 9.4, 9.5 and 9.6 are entirely trivial consequences of the results 
indicated in the text. 
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818.8 Integration 
Proposition 13.4 is proved in $13.2. 


Proposition 13.7 Let f be continuous on [a, b| and let c be constant. 


Then 
b b , 
[) {{ τ ὃ αε = ἢ f(t) dt +¢(b —a). 
Proof Let P = {¥9,¥1,¥2,---;>¥n} denote a partition of [a,b]. We 
have | é τῶ 
Ape) = nf {fixite} =e+ inf {f(xy} = etm’. 
Yo SXSY, ¥oSXSY, 


Similarly με Γ᾽) = c + m{? (k =1,2,...,n). It follows that 


Se ἘΠῚ a > mit ( yp — Yes) 
k=1 


a 


| 


Fit 
, mP(y, —Juaghte Σ, (¥p --»κιι) 


a 
I 
μὰ. 


SOP) + e(b —a). 


It follows that 


[ { f(t) ss c} dt sup ΐ Soop), τὰν sup [5(Π0ΡῚ Ψ c(b —a)} 


= sup {S“?(P)} + ε( —a) = iL. f(t)dt +c(b —a). 
P a 


Proposition 13.29 Suppose that ᾧ is a function which is continuous 
and non-negative on the open interval /. Suppose also that fis continuous on 1 
and satisfies 


If(x)|<o(x) (xe). 
If the improper integral of @ over the interval J exists, then so does that of f. 
Proof We consider only the case when 1 = (0, ©) and the integral 


f= Ἅ (x) dx 
exists. Let 
an =[" [(χὴ ἂχ; by -[΄, φί(3χγἀχ (n = 1,2... 


Then the series 2;_, b,, is a convergent series of non-negative terms (with sum /). 
Also 
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[4 Ξ δη (n = 1} 


and hence Σῆς d, converges by the comparison test, i.e. 


m = lim te (x) dx 


Noes 


exists. Given any X > 0, we may take NV to be the smallest natural number satis- 
fying V Δ. Then 


x 
ΠΕ | f(x) | dx 


x N-1 
ff, fedax—| fed ax 
<= by >OasN7> 2, 
It follows that 
lim ~ £@) dx =m 
Xoo 


as required. 


18.9 Continuity and differentiation of power series 


Proposition 15.8 Suppose that the power series 
f(x) = Σ 4 woe ty" 


has interval of convergence J. Then its sum is continuous on 1 and differentiable 
on J (except at the endpoints). Moreover 


f'(x) = Σ, na,{x -- ξ)" ἢ. 


Proof Let the radius of convergence of the power series be R. 


Suppose that x is any point of J other than an endpoint. We can then 
find another point Xo of J so that x lies between & and x9 and thus 


[Persp [kom ele KR. 
----ἕ R-—\-_—_><_____ R-__> 


ξ x Ag 


From the formula of $15.1 


a ΑΝ 


= lim sup |a,|'/" = lim sup Ι 


h= co rm co 
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we may deduce the convergence of the series 


is 


where Xp = Χο E. 
Put 6 =| x -- Χο]. For values of y satisfying 0 < | x —y | <6, consider 


_fQO)—-f() Ὁ mi = x" n-! 
a yp-x 2, "ὦ tbh τῷ 2% ἘΞ ¥ ei 


where ¥ =x —£and Y=y — &. We seek to show that Δ -Ὁ 0 as Y>X. From 

exercise 3.11(2), 

ye —y" 
y=—2 


n(n — n(n — 1) a,Xn-? 


—nx"! - ἐς ἘΞ pray + -τ- yy te yay 


ἘΞ {ἘΠ .- -- γῆ- ΠΕ τ ae: sgh XY — 23. 
But from each of these terms we can extract a factor of (Y — X). The right 
hand side then reduces to the product of (Y — X) with the sum of }n(n — 1) 
terms of the form XY" Y* where r + s =n —2. The number $n(n — 1) arises from 
the use of the formula 


14+24+3+...+(n—1) = jn(n—1) (example 3.9). 
Since 


LX| = |x—#|< | 29-2) = 1 Xoland |¥| = ly -éElsia—el +6 = Χο] 


we have ‘ 
y" =F" ἘΣ 1 oie | 
ae pyr seh 21y—-X\|. 
Hence 
|A\<|¥—-X| aos a,Xo Ὁ} 
+OQOas YX. 


It follows that f is differentiable at each x in J which is not an endpoint and 


f(x) = Σ᾽ nayx"™ 
n=] 

There remains the question of left or right hand continuity at the endpoints 
of the interval of convergence J, if these happen to belong to 1. A somewhat 
more subtle argument is required to deal with this question which is the subject 
matter of Abel’s theorem quoted below. 


Abel’s theorem If the series Σ με a; converges, then 
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lim | = a! = +. dp. δ a,x® — = ap | = €. 
x1- | k=0 R=0 k=0 ΒΞ 
| 
Proof Let e >0 be given. Since the series 2 a;, converges, its sequence | This concludes the proof. 
of partial sums is a Cauchy sequence. We can therefore find an Ν᾽ such that, | 
whenever k 2m 2 N, = | | 
18.10  Stirling’s formula 
Σ αι BE 1 é (4) | The proof of proposition 17.2 is completed in exercises 17.4(1 and 2). 
ΞΡ 3 } 


Abel’s lemma (which is easily proved by induction) asserts that / 
π n=] R | n 
» Une = Y Wd 4) Cred [ +m Σ᾽ Ue. 
=n k=m l=m h=m 
We apply Abel’s lemma with ἕν = a, and v, =x". Then 
n Ἢ n-1 k ‘ ‘ | n 
Dep ah yh oe ae ee} ae 
k=m ἔξ l=m k=m 


It follows that, forn 2m2>Nand0<x<l, 


z= πΞ 1 1 
Σ dx”) <(1—x) > τ εχ +— ex" 
k=m k=m 3 3 
1 Θα 11 | 
ἐς αὶ - —ex" = -- ε. 
3 a 8) ith ἣν 
We may conclude that 
oo b i] 
‘a apX ae oe (5) 
| e=2 3 
Next observe that, forO<x< 1, 
pa ax = y ap| S = [a [tl Hx ye ee + Se. 
R=0 k=0 k=0 3 3 


This follows from (4) and (5). But the finite sum on the right hand side tends to 
zero as x -Ὁ 1 —. We can therefore find a ὃ > Ὁ such that, for any x satisfying 


Ι-Ε ΧΕ, 
N-1 ; l 
ἜΣ xs ΞΕ 
R=0 3 


Given any e > 0, we have therefore found a 6 > 0 such that, for any x satis- 
fying 1 —-6<x< 1, 
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2= 5--:-3:}: 4 ---|1 Ξ 3 


ταὶ. 


πη τ οἴ πρὸς 
SOLUTIONS TO EXERCISES ΠΤ ie. 5.» 12. 


Note that the inequalities are false in spite of the fact that b Ὁ» Ὁ and 
d >0. On the other hand inequality (iii) is true when b Ὁ and d >0 
(exercise 1.8(3)). However, if we takea =c =—1l andb=d=—2 in 
inequality (ii), we obtain the false assertion 


1 =(-DEH)>CDC?Y = 4. 
© Exercise 1.8 5 We have, forany e>0,b<at+eanda—e<b.Sinceb<ate for 


tere pies ee aa la x ae ἐμ ἴῃ the fitst case any € > 0, it follows that b < a (example 1.7). Since a< b + € for any 
x* = (. In the second case rule III yields that χ =x.x >0.x =0. | ¢ > 0, it follows that ἃ « δ. Hence a = b. 


Rewrite the third possibility in the form Ὁ > x and apply rule IV. Then 
0=0.x <x.x =x”. In each case x? > 0, i.e.x* >0 orx?=0. 


-- 


6 Τακοχ = (a+ b)/2. 
(i) We are given that O< a < 1. Since a > Ὁ we may apply rule HI. Then 


0=(Q.2=. aa = la =a. e Exercise 1.12 


— 


If n is an even natural number it may be expressed in the form ἢ = 2k. 
But then 


x" = χ = αὐὐὖϑο 


(ii) We are given that b > 1. Since b > 0 we may apply rule III. Then 
PH .8 31.835} 


2 Since }}Ἐ"»}ρΟΧ0, | 
for all values of x (exercise 1.8(1)). Hence, if y <0,x" =y has no 
solutions. The equation x” = Ὁ has only the solution x = Ὁ since x #0 
implies that x" τὸ 0. If y >0, our assumption about the existence of 
nth roots assures of the existence of a unique x > 0 such that x” = ν. 
But, since n is even, χ = ν if and only if (—x)" = y. Hence the equa- 
tion has exactly two solutions, one positive and one negative. 

Next suppose that n is odd. If y = Ὁ there is no difficulty in showing 
that x” = y has exactly one solution. If y > 0, there is exactly one 


A . 
p08 = Ab (rule III). 


, a , 
Β = -,.,8ΒὨ - 

ἘΠ ἢ 

We deduce that 

a(b+B) = ab+aB<ab+Ab = (a+ A)b (tule II). 


Since (b + B)™' >0 and b7! > 0 (example 1.5), it follows from rule III 


oe positive solution and this is the only solution because x < Ὁ implies 

a_Uata χ «Ὁ when n is odd. If y <0, we use the fact that z” = —y has one 

b b+B and only one solution and hence the same is true of (—x)" = —y, ie. 
x"=y. 


The second half of the inequality to be demonstrated is obtained simi- 
larly. 


3 Suppose that a > 4 and c > d. Then, by rule Ila +¢ > 6 +c and 
b+c>b+d.Henceat+c>b+d (rule I). 
If b >O and d > 0, we first observe that c > d > 0. Then, by rule 
Ill, ac > be and be > bd, Hence ae > bd (rule I). 


4 Substitute the values ἃ = 5,b = 4,c =3,d = 1 in inequalities (i) and 
(ii). We obtain the false assertions 
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2 (ἢ 823 = (2349 = (49}"9 = 4 


ἡ ΠῚ | ὯΝ 3 Ι 1.3 ἣν EM 1/3 ᾿ 1 
wr =a" bal" =a 


(iii) 3255 = (55 = 2° = 64. 


3 We take for granted the truth of (i), (ii) and (iii) in the case when r and 
s are integers. To prove the results when r and s are any rational num- 
bers, it is helpful to have available the following preliminary results in 
which m and n denote natural numbers: 


(a) Ἔν ὦ :- (ν᾿ ἢ": ie") = eres (c) ν᾽" l/n _ (yz). 


To prove (a), observe that 
ΤΡ aid ὦ ΕΣ πα μή ἜΤ Τρ λμ ἐς πες νὴ 
: and hence (y‘/") is the unique positive solution of x” = y™, i.e 
(ν᾿), = (y™)""_ To prove (b), observe that 
asia εν ἄχ _ Soe RIS oe py =y 


and hence (ν᾽. is the unique positive solution of χ ἢ = y. To 
prove (c), observe that 


ipa -- reise sy = yz 


and hence y"z'/" is the unique positive solution of x” = yz. 


We may now prove (iii), (ii) and (i) in the general case when r = p/m 
and s = q/n (Ὁ and q integers). 


Git) τ’ = Py'™EP"™ = —P2P™ = (zp 


= zy = ΟΣ 
: GUO AMPS = ΠΟΤΕ gree 
: εξ ὙΠ ἫΝ ΕΞ Sa 
ee me ee ss ὦ ae 
= ypimyan = yrys, 


: 4 Write ax? + bx +c =a(x —a)(x —B). Whena< x <6,x —a>0 and 
x —6 <0. Hence (x — a)(x — 8) <0. When x < a,x —a <0 and 
x — β <0. and therefore (x —a)(x — 8) >0.Whenx >6,x —a>0 
and x — 6 >0 and therefore (x — a)(x — B) >0. 
‘Complete the square’ as in § 1.10 to obtain 


ax*+bx ἔς = {(2ax + b)? —(b? —4ac)}4a. 
Since (2ax + b)? > 0, 
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ax? + bx +e 2c --Ἰρθα 


with equality when 2ax + b =0,ie.x = —b/2a. 


5 Apply the Cauchy-Schwarz inequality using the numbers V/a1, a2, 
ἐν Wan and 1/s/ay,..., Παρ. We obtain 


aD SF. serene ete κι, 
= (ven. gett Ven- Fe} 


1 ] 
<(a, Ἐα Ἑ.. +a)(4 ΡΈΕΙ: +4] 
> ay | 


and the result follows. 


n n rn n 
6} @tbhy = δ, +2 > axbp + 2, δὲ 
k=1 k=1 k=1 k=1 
n n 1/2 / ῃ 1/2 ᾿ 
«ΣΑΣ ἡ [Σ 2 ἘΣ, ΡΒ 
k=1 R=1 k=1 R=1 


(Cauchy—Schwarz inequality ) 


ὲ a) + | ᾿ ἢ 7 


Consider, for example, the case n = 3 and suppose that (X1,X2,%3), 
(v1, ¥2,)3) and (z1, 22,23) are the co-ordinates of the vertices of a tri- 
angle in three dimensional space. The length of the side joining the firs’. 
two vertices is given by 


3 


| 3 (xz, yet = Σ, (X, — Zp + Zp 3 
k=1 | 


Ε Γ 
= 


1/2 ; 
<{ > ¢ (Xp— Zp) ; ie | » Ce yo 
ee leat 


1/2 


@ Exercise 1.20 


1 We first show that |a| < b implies —b < a < b and then that 
—bh<a< bimplies |a|< 5d. 


(i) Suppose that |a| <b. From theorem 1.15, @ < |a| and |a| 4 τ- ἃ. 
Hence a <b and —a< b,ie.a >—D. It follows that —-b<a< ἢ. 


(ii) Suppose that —b <a < δ. Thena < ὃ and —a <b. Since, for each 
a, [α] =a or |a| = —a, it follows that |a| < δ. 


2 From theorem 1.18, 
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lc —d| > [οἹ — Ια] 
and 
le—d| = |d-el>|d|—Iel = — {lel — []}. 
Thus, — {{6] — |d|} < [ὁ —d| < {|e| — |d|} and the result follows from 
exercise |.20(1). 
3 Only (iv) is not immediate. We have 
d@,y) = |x yl = lx -z+2—yl < |x —2z1 + 12 —yI 
= d(x,z)+d(z,y). 


4 Suppose that r + s\/2 = ¢, where ὦ is rational. Then, provided s #0, 


But the right hand side of this equation is a rational number (why?) and 
so we have a contradiction. 


5 We are given that a=r-+s,/2 satisfies the equation ax* + bx +c =0. 
Hence 


a(r+s\/2)? + b(r+s/2)+e¢ = 0 
far? + 2as* + br +c} + {2a+ b}s\/2 = 
Since a,b, c,s and r are rational, it follows that (2a + b)s = 0. Thus 
a(r —sx/2)? + br -- 9 2) +e = far? + 2as?+ br +c} 
— (2a + b)s\/2 = 
and so 8 = r —s,/2 is also a root of the equation. 

6 Suppose that m* = 3n*. Then μι is divisible by 3 and hence m is 
divisible by 3. (Try m = 3k + 1 or m = 3k + 2.) Hence m = 3k. But 
then 9k? = 3n?, i.e. 3k* =n? and son is also divisible by 3. 

Suppose that m° = 2n*. Then m? is divisible by 2 and hence m is 
divisible by 2. (Try m = 2k + 1.) Hence m = 2k. But then 8k? = 2n?, 
i.e. 4k? = n° and so ἡ is also divisible by 2. 

ὁ Exercise 2.10 

1 (i) False (ii)true (iii)true (iv) false (ν) true. 


2 By exercise 1.20(1), |E —x| - ὃ if and only if —6 -ξ —x <6. This 
last inequality is equivalent to ὃ > x — ἔ >—6 which is, in turn, 
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equivalent tof +6 >x >&—5. But (E—6,E +56) = 
fx: -5 χ < E+ δ). 


3 (i) (0, 1): bounded above; some upper bounds are 100, 2 and 1 , the 
smallest upper bound is 1;no maximum. 
(ii) (—°°, 2]: bounded above; some upper bounds are 100, 3 and 2; the 
smallest upper bound is 2 and this is also a maximum. 
(iii) {—1, 0, 2, 5}: bounded above; some upper bounds are 100, 6 and 
5; the smallest upper bound is 5 and this is also a maximum. 


(iv) (3, °°): unbounded above. 


(v) [0, 1]: bounded above; some upper bounds are 100, 2 and 1 : the 
smallest upper bound is 1 and this is also a maximum. 


4 (i) (0, 1): bounded below; some lower bounds are — 10, — 1, and Ὁ; the 
largest lower bound is 0; no minimum. 


(ii) (—°, 2]: unbounded below. 


(iii) {—1, 0, 2, 5}: bounded below; some lower bounds are —10, —2 
and — 1: the largest lower bound is — | and this is also a minimum. 


(iv) (3, ©): bounded below; some lower bounds are — 10, 2 and 3; the 
largest lower bound is 3; no minimum. 


(v) [0, 1]: bounded below; some lower bounds are — 10, —1 and O; 
largest lower bound is 0 and this is also a minimum. 


5 (3, 4}. 


6 Take y = 3x. Nom € (0, 99) can be a minimum because 1m is a smaller 
element of the set. \ 


Θ Exercise 2.13 


1 Since B = sup S is an upper bound for S, x < B for each x € S. But 
So CS means that, for each x € So, it is true that x Ξ δ. Hence x <=B8 
for each x © So. Thus Β is an upper bound for Sp and therefore at least 
as large as the smallest upper bound sup 80.1.6. sup So < B = sup S. 


2 The proof is very similar to that of theorem 2.12. Let B = sup S and let 
T= {x +&:x © S}. Since x < B for any x € S, it is true that 
£+x <£+B for any x Ε S and hence that ξ + B is an upper bound 
for T. If C is the smallest upper bound for Τ᾽, it follows that C< & + B. 
On the other hand, y < C for any y € T and therefore y -- ξ Ξ Cs 
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for any y Ε Τ. Since S = {y — £:y Ὲ Τῇ, it follows that C — ξ is an If is an open interval other than R or @ then & can be taken as its 
upper bound for 5 and therefore that B < C —&. supremum or infimum (at least one of these must exist). 
We have shown that C<&+BandC2£+B. HenceC=£+ 8B. 
6 We may assume that the sets S and J have no elements in common 


3 Let B=sup S and let T= {—x: x Ε S}. Since x < B for any x € S it is (otherwise the problem is trivial). With reference to the given ‘hint’, the 
true that —x 2 —B for any x € S and hence that —B is a lower bound set Ty is not empty because ¢ € To. The set To is bounded below by 5. 
for 7. If Cis the largest lower bound for T, it follows that C > —B. | Let b =inf To. 


On the other hand, ν 2 C for any y Ε 7 and therefore —y <—C for 


any y € T. Since S = {—y: y € T}, it follows that —C is an upper / ὰ ὃ ΗΝ : ) 
bound for S and therefore that —C > 8. om ee 
We have shown that ( 35 -- Βὶ and C<—8#. Hence C= —B. To 
To obtain the required analogues, consider a non-empty set T which 
is bounded below and then apply theorem 2.12 and exercises 2.13(1) If b €T, then b €S. But b is at zero distance from 70 by exercise 
and (2) to the set S = {—x:x € T}. We obtain 2.13(Sii) and hence we have found a point of S at zero distance from 7. 


If b €T, then b >s and the interval (s, b) is a non-empty subset of δ. 


(i) inf Ex = & ἦτ, x (ξ»0) Hence b is a point of T at zero distance from S. 


xeT 


(ii) If Τὸ C T, then inf Τὸ = inf T Φ Exercise 3.6 


(iii) sup (—x) = — inf x. 1 We have 
| se T xET ᾿ 
β = me one ὠ δὲ | = i] _= Li a Ἰ 
4 (i)1 (ii) 2 (iii) 1 (iv) 0. ᾿ Ξ 


for all € N and therefore 1 is an upper bound for S. Suppose that 


5 (i) The set ἢ = {| —x|:x € S} has 0 as a lower bound. If ξ € S, then 0 1 —h, where h > 0, is a smaller upper bound. Then, for all ἢ € N, 


is a minimum for 1). Exercise 4(iv) provides an example for which 


ἀ(ξ, 5) =0 but ξ 6 5. ἰθὺς. 

(ii) Let & = sup S. Then |§ —x| = ὃ —x for each x € S. We therefore : 

have to show that no ἢ > Ὁ is a lower bound for the set Us h 

D=({&—x:x Ε S}. If this is false, we can find an h > Ὁ such that nn 

& —x 2h for allx Ε S. But then x <£ —/h for all x Ε S and hence 1 

£ —h is an upper bound for S smaller than the smallest upper bound. ns— en 
If ἕ = inf S, consider instead d(— &, ΤΊ where T= {—x:x € δ}. h 


and hence ΗΠ is an upper bound for N. This is a contradiction and 
therefore 1 is the smallest upper bound for 5. 
The set S has no maximum. For no n € N is it true that 


(iii) Since / is an interval, £ ¢ 1 implies that £ is either an upper bound 
or a lower bound for /. Suppose the former. Let B be the smallest upper 
bound of /. Then ΒΕ 1 because 7 is closed. Given any x € 1, 


é—x| = €—x = §-—B+B-—x = £-—B+ |B—xl. 


Hence, by exercise 2.13(2), 
2 Suppose that S is bounded above. Then it has a smallest upper bound B. 


inf |E—x| = €-—Bt j —x| 
«Ἐπ p= 5 58 oe ae Since BX ~ cannot be an upper bound, there exists an ἢ € N such that 


and therefore d(, S) = £ -B + d(B, S). But’ —B>0, d(B,S)>0 X">Bx7 
and d(é, S) = 0. It follows that = B and hence £ Ε 1. Similarly if £ is sli 
a lower bound for J. ΤῊ Ή, 
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Hence 8 is not an upper bound for S and we have a contradiction. | e Exercise 3.11 

It is clear the Ὁ is a lower bound for 7. Suppose that A is a larger 1 (i) Lets, =17+27+...+2n7 and let P(#) be the proposition that 
lower bound (1.6. ἢ > 0). Then, for any n € N, s, = in(n + 1)(2n + 1). Then P(1) is true because s; = 1 and 

x" Sh | Ε1(1 + 1)(2 + 1) = 1. We next assume that P(n) is true and try and 


: deduce that P(n + 1) is true. 
ον ioe | | | 
ἢ =F. ion VP + te TOT = steely 
= ln(n+1)(Qn+1)+(n+1) (assuming P(7) true) 


It follows that the set S = {(1/x)":n € N} is bounded above by ἢ ἢ | L us 
which contradicts the first part of the question. = (n+ 1){n(Q2n + 1) + 60 + I} = δύσι. + 1)(2π΄" + 7m + 6) 


| = }(n+ 1I)(n + 2)(Qn + 3) = §m(m+ 1)\Qm+ 1) 
3 Let S be a non-empty set of integers which is bounded above by B. 3 


Since N is unbounded above, we can find anv € N such that n > Β. | (m =n + 1). | 
The set T = {n —x:x € S}is a non-empty set of natural numbers and (ii) Let s, = 13+ 23+... +13 and let P() be the proposition that 
hence has a minimum m (theorem 3.5). The integer ἢ — m is then the πὶ τὰ 1ηζ(α + 1)*. Then P(1) is true because 51 = 1 and 117741 Ἐ 1)2Ξ 1. 
- Γ τ Tt Γ Γ᾿ i Ἢ ᾿ 
maximum of the set 5. We next assume that P(7) is true and try and deduce that P(m + 1) is 
Similarly if δ᾽ is bounded below. true. 
4 Since N is unbounded above, there exists a natural number Ἢ such that | Saag * 1 ἘΠ ΡῈ n+(nt+1) = s,+(nt ΤΡ 
ἢ Σ (Ρ -- αὐ". Otherwise (δ - αὐ Γ᾿ would be an upper bound forN. [δὲ Ὁ = ἔμ Ὁ 2. (ι Ὁ 1) (assuming P() true) 


m be the smallest integer satisfying m απ. Then m -- 1 < an. Hence . 
1 = hin +1)(n? +4n+4) = 4+ 1)ὖ0ι Ἐ 2/. 

a<—and—-Sa+—<at+(b—a) = ὃ 
a ean ἢ’ re 2 Let P(n) be the assertion 


as required. | nytt #2 
ἘΣ Ἐς, ἜΝ = ΤΣ 
5 Suppose that μὴ Ε 3. Then $(m + 1)€S and 4(m + 1)>m. Hence m ᾿ 
cannot be ἃ maximum. Similarly m cannot be a minimum. Provided x # 1, this is clearly true when n = 0. Assuming P(7) is true, 
It is obvious that S is bounded above by 1. Suppose that ἢ | 1—x"** | \ 
(0 « Η - 1) were a smaller upper bound. By exercise 3.6(4) we could Lea FS cet oh τα a + xntt \ 
find a rational number r such that H <r < 1. But then r would be an | 
element of S larger than ἢ. Thus 1 is the smallest upper bound. ἘΞ Lee ieee Ha 
A similar argument shows that 0 is the largest lower bound. | Lx 
1 -- χ 
6 We know that all numbers of the form γν 2 are irrational provided r is ἘΠ ΉΤΟ ες 
rational and non-zero (exercise 1.20(4)). By exercise 3.16(4) we can 
find a rational number r such that and therefore P(m + 1) is true. 
a b The second formula of the question is obtained by writing x = a/b. 
7) ςγς 7) (Note that, if @ = b or b = 0, the formula is obviously true.) 
and hence a < r1/2 < b. (ifr happens to be zero, locate a second 3 Suppose that P(é) = Ὁ. Then 


rational number s satisfying 0 < s./2 < b.) 


P(x) = P(x) — PE) 


ase — ΕἼ +a Oe Ἐν Payee). 
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By the previous question we have 
xP — Ee = Ea ee xPotE +. eet + BR) 
= (« — ὃ...) 
where Ff}, _,(x) is a polynomial of degree & — 1. It follows that 
P(x) = (ὁ — £) {an Fn αὐ + an-1Fn-2%) +... +a} = & —HQC). 


We apply this result to the second part of the question and obtain, in 
the first place, Ρ(Χ) = (x — £,)Q,(x) where Q(x) is of degree ἡ — 1. 
Then 0 = P(é,) = (ξ2 — £;)Q,(&2). Since &, # &,, it follows that 
Q,(€2) = Ὁ and hence that Q,(x) = (x — €2)Q2(x) where Q(x) is of 
degree ἢ — 2. Thus P(x) = (« — £,)(« — £,)Q2(x). Next consider £3 and 
so on. 


c Ν n! n! 
‘ 4 +( bit ~ al Dir FD! 


n! [ 1 | 
"ΠΡ ΓΙ. ΠΥ ΕῚ 
Tigh: εὐξ ον ΜῈ} 
ΟΠ {τ Ίλ Πα -- ἢ! γί τον Ἑ 1) 


“4 (n+ 1}! HEF 
τ #l(n —r+1)! ἐδ a 


Let P(n) be the assertion that 
(a+by = y (" aes Ae 
rao \F 
Clearly P(1) is true. Assuming P(n) is true, 
(a+ by’*' = @+b)at+by" 


Ι! 
δὰ 
—————,, 
“t 
il a 
iM 
~~ 
ne 
ΤᾺ 
a 
Ι 
δε. 
i! 
_————— ΑΝ 
-Ἕ 
ὮΞ 
——,, 
= 
il : 
ims 
™~ 
a 
Q 
= 
Ι 
~ 
a 
τ 
—<——$ 


ΙΙ 
Ms 
—~ = 
ΩΣ 
x 
Ι 
ΞΕ 
+ 
oe 
| 
An 
Me, 
a 
ES 
Ἢ 
| 
= 
A 
+ 


We replace r by s in the first sum and replace r + 1 by s in the 
second sum. Then 


; n n| Z n+l ni " 
(a τε by"* ΕΞ = qa” st+1ps Τα >; gq” 8 Ἐ1}8 
- 5 | 


s=0 $=1 s— 


Solutions to exercises (3.11, 4.6) 183 


εὖ} + Σ n +4 A | qghti-sps + p7*! 
ἘΞῚ | S| 3] 

ΕΝ ( Ῥ ᾿ qr*t me 

ἐπῶν καὶ 


Suppose there exists a natural number & for which P(X) is false. Since 
the set {2”:n © N} is unbounded above, we can find an M = 2" >k. 
Now put δ᾽ = {n: P(n) is false and n < M}. This is a non-empty set of 
natural numbers which is bounded above. From exercise 3.6(3) it has a 
maximum element m. The assertion P(n) is true form <n<M and 
hence P(m + 1) is true. But P(m + 1) implies P(m) and hence we have 
a contradiction. 


as required. 


From exercise 3.11(2), 


a®—b" = (@—b)(a" +a" 2b +... +ab"-? + b"""). 


Hence, ifa > b > 0, 
Ἦ tn 
nb? 1< - - μα 
gop 
Therefore, 


ie Fo 1 pn ας 
ani @ — *)Sa—b& 5 — 6"). 


Ifx > y, the result follows on writing a =x" ἀπά ἢ =y™”. If 
x <y,writea =y!" andb =x". 


Exercise 4.6 


1 Let € >O be given. We must find a value of NV such that, for any n > N, 


n> — | 

- eee 

n-t+il1 | 

But 

[η3 -- 1 sla n2—1 " 2 
n+] ~ "pty ptt] 


and so we simply need to find an NV such that, for any n > JN, 


ee 
n+ 1 


i.e. 
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n?+1>2/e. x+x" x+0 
Choose N = (2/e)"”?. Then, for any n >N, ie eget 
n?+1>n?>N? = 2le. Next suppose that x > 1. Thenx”-" +0 asm >. Hence 
We have shown that, given any ε > 0, we can find an NV (namely ; nie = eee hd ls > Fuh as ἢ > 99 
(2/¢)") such that, for any n >N, | a oe oe eee 986] 
he This leaves x = 1 and x = —1 giving 
βρέ στ ΘΠ eee 
ag 1+1" meron ἢ 
Thus 1-15 1+(-17" 
i n?—|] The latter expression is not even defined for odd n. Hence 
ΜΗ eee Ξ «CFS 
are a et 1 @>1) 
τ ΦΧ Se | 
2 Let e>0 be given. We must find a value of N such that, for any n >N, were AN Cnt Sed) 
1 | {1 (@<-—1). 
; —O|<e ( ) 
Ἢ 
1.6. 
n> Ife. 
We choose NV = (1/e)""". Then, for any n >N, 
n’>NT = Ife defined 
and the result follows. 
3 We have 
3 Let e >0 be given. We must find a value of N such that, for any n >N, 0<Vin + 1)—V (Μὰ + 1) --᾿ νη) + 1) Ἐ νη) 
| n+1)—</n = = ‘ ΤΑ 
Ιλχ, — All «ε.ὔ (Μῦν + 1) Ἐ νη) 
if A = 0 there is nothing to prove. We may therefore assume \ τῇ 0. We idk ee ae ie < Bed >+Qasn>o 
are given that x, >] as n> ©, Since e/|X| > 0 it follows that we can Vant+iIt+Jvn “Vn 
find an V such that, for any n > N, (see exercise 4.6(2)). It follows from the sandwich theorem that 
Xn πο ΘᾺ] ν (ἢ Ὁ 1) -α ΝῊ -Ὁ 0 85 -Ὁ οο, ἄς 
1.6, 
4 Let. be the smallest natural number such that V ἢ x. Then, forn 5 Ν, 
[AX — All <e. 
| sot Shee eB x 
This completes the proof. wt 2 Waa ON 
. N-i n=-N+1 
® Exercise 4.20 < ἃ ῃ 
n+5n?+2  14+5n'+2n3 14+0+0 WV—-1)! W 
ede AT oar Ramee = — ee τρεξ ας σος > --.οΘ..--- — as A -co, 
an’ +9 2+ 9n™ 2+0 Since x/N <1, (x/N)" > 0 845 ἢ > © and the result follows from the 


3 : : sandwich theorem. 
2 First consider the case when |x| - 1. Then x” > 0 asn > ©, Hence 


1δό 
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5 Suppose that (1 + 1/n)***|x|> 1 for alln © N. Then 
1 1 1/(a+1) 
—>{—} -—1>0 
nm: (eel 


for all m € Nand this is a contradiction (see example 3.4). Hence, for 
some V EN, 


(1 + ΙΝ) ΠΧ <1. 


If x #0, consider the expression 


(n τῇς pe ἄν ΡῈ 


Δ Ε1..ἢ 


a+] 
πατῖς |= (+2) [χ]. 
ΙΓ ΞΞΝ, 
l(n + 1) 1χπ τὶ < [Ὁ 1χη!. 
It follows that, forn > Ν, 
[μ Ὁ lyn < ΙΝ τ LP 


We conclude that, forn =N, 


In®x"| Ξ — [NEN 
Hn 


and thus n°x” > 0 as ἢ > © by the sandwich theorem. 


6 We wish to prove that 


(n + iy 1) < yn 
This inequality is equivalent to 
(n +. iy τ Ὁ} 


1.6. 


( ἘΝ 7 <N.. (1) 


But we know from example 4.19 that 


1\" 
(i +f <3 
it 


for all nm © N. Hence (1) holds provided 3 <n. 
Θ Exercise 4.29 
I (i) Let e > 0 be given. We have to find an N such that, for any n > N, 
te ap --ὖ] - ε. 
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But ||x, —/|—0O| = |x, —/| and so what has to be proved is just 

the definition of x, +/asn7>™. 

(ii) By exercise 1.20(2), 

ΠΧ οἱ — WIS IX, τ  ῦ 


and hence |x,,| > |/| as ~ οο by the sandwich theorem. 


For any e > 0, there exists an NV such that, for any n > N, 
Ix, —l| <e. 

i.e. 

i—e= Ne ye, 


Since this is true for any ε > 0, then it is true when e = 4/ (for an 
appropriate value of V, say VN = .V,). Form >, we therefore have that 


X, >i —si = 5. 


(i) Let H > 0 be given. We have to find an NV such that, for any n > NV, 
a ea, 


Since the set {2":n € N} is unbounded above (exercise 3.6(2)), there 
exists an V © N such that 2% >. Ifn Ὁ Ν, then 


QR ss ON 


and the result follows. (Alternatively one may appeal to the inequality 
2” >n (n= 1) which is easily proved by induction.) 


(ii) Let H > 0 be given. We have to find an N such that, for any n > N, 
—J/n<—H 

ic. Wn >H 

ie. HOR. 

We may therefore take V =H”, 


(iii) The sequence ((— 1)"n) cannot converge because it is unbounded. 
It cannot diverge to + 99 because its odd terms are all negative. It can- 
not diverge to — 990 because its even terms are all positive. 


(i) Suppose that x, > 0 asn -Ὁ οὐ Let H > Ὁ be given. We have to find 
an JV such that, for anyn >JN, 
bey ΣΉ: 


But H7!> 0. Since x, > 0 asm > ©, we can therefore find an V such 
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that, for anyn >N, 

X, = Ix,—-0|< 

ie. 1.5, a. 


(ii) To prove that 1/x, > + °° 85 ἢ -ὸ implies that x, > Ὁ 85 ἢ >, 
one simply has to reverse the above argument. 


Let H > 0 be given. If (x,,) is unbounded above, there exists an V such 
that x, > H. If (χη increases, then, for anyn 2N,x, 2Xy > A. It 
follows that x, > + ©. Similarly in the case when (x,,) decreases and is 
bounded below. 


Suppose there is a value of ἡ EN for which nox € S can be found 
satisfying [ξ —x|< 1/n. Then 1/n is a lower bound for the set 

D = {| —x|:x € S} which contradicts the assertion that d(£, S) = 0. 
That x, > — 88 ἢ > © follows from [δ —x,,|< 1/n (n = 1, 2,...) be- 
cause of the sandwich theorem. 

If £ = sup S, then from exercise 2.13(5ii) d(é, S) = 0. It therefore 
follows from the first part of the question that a sequence (x,,) of 
points of § can be found such that x, > £ asm > οὐ, (Note that the 
terms of this sequence are not necessarily distinct.) 

If S is unbounded above, then, given any n EN, we can find an 
x, © S such that x, >n. Hence x, ~+-asn>, 


Exercise 5,7 


1 Suppose that n’"+ 1 as ἢ > ©, It follows from theorem 5.2 that 


(2n)?2" + 1845 -" ©, 

But 2'/?” > 1 ἃς ἢ > οὐ (example 4.14). Thus n'/2" >] as n > ©, Hence 
AY mm pith, UIn 47 7 = δ ann eo. 

It follows that / = 12. Since ] > 1, we deduce that / = 1. 

We prove that a << x, < b by induction. It is given that a<x,< b. If 
we assume that a< x, < δ", it follows that 

χε ἢ FER a >a +e = 0. 

Similarly 

Xney—b = x2 +k-—b<b?—b+k = 0. | 
Hence a < χα, ει < b. (Note that the condition 0 <k <} ensures that | 


the quadratic equation x* — x + k = 0 has two real roots and that these 
are both positive.) 
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Next consider 
Xne1 Ὁ = Em —Xn + Κ. 


But x2 —x, +k <0 because a < x, < b (see exercise 1.12(4)). This 
completes the proof that a< X,j4,;<%,< ἢ. 

Since (x,,) decreases and is bounded below by a, it converges. 
Suppose that x, >/asn +o. Then x,4;>/asn> ©. Βυΐ χη ει Ξ 
x2 +k and so 


l= P +k. 


This implies that / = @ or / = b. But b cannot be the infimum of the 
sequence (x,,) because it is not a lower bound. Hence / =a. 


3 It is easily shown by induction that k > x, >0 (n= 1, 2,.. .). Observe 
that 


kK k 


Xn χη = OOO 
n+1 π-1Ι Ι Ἔχ, Ι χη... 


ἀρ τῷ 
( +x,)(1 +.%p-2) 


Hence x,+; —X,-, has the opposite sign to χη...) τ Χμ. It follows, using 
an induction argument that one of the sequences (x2,,) and (x2, -1) 
increases and the other decreases. (In fact (x2,,_,) increases ifx3 2% 
and decreases if x3 < x.) 

That both sequences converge follow from theorem 4.17. Suppose 
that x2, >lasn >and that x2,-; >m asn >, Then 


k Κ 


i: m= — 


Ι Ἐπ᾿ 1 + 


I+lm = k: mtim = k. 


It follows that / = m and that /? 1 =k as required. The conclusion 


about (x,,) is that x, ~/asn7> ©, 


4 If0<a<b, it is easily seen that the geometric mean G = \/(ab) (see 
example 3.10) and the harmonic mean H = {4(1/a + 1/b)}™ (see 
exercise 1.12(5)) satisfy 


ax<H<Gcb. 
We are given 4 =x, “ y, = 1. On the assumption that ¥,-; <Yn-1, 
Xn-1<Xn<Vn-1 


because x, is the geometric mean of x, -, and y,-,- Further 
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Xn<S nS Vn-1 


because y,, is the harmonic mean of x, and y,,_;. It follows by induc- 
3G) ἐπα Ss a hn Φ}, Φν,,..τ(4|Ξ5Ξ2.,3.,... 

The sequence (x,,) increases and is bounded above by y, = 1. The 
sequence (y,,) decreases and is bounded below by x, = 3. Hence both 
sequences converge. Suppose that x, τὸ 85 ἢ -ὸ andy, >masn>™, 
Then 


Both of these equations yield / =m. 


5 Asin example 4.19 we apply the inequality of the geometric and arith- 
metic means with 41 ΞΞ 4. =...= @,-; =(1 + y/(n—1)) anda, = 1. 
Then 

y ΠῚ ἀι-- λα Ἐγώ -- Ὁ) 41 
(2 J" τ ΠΤ" 
55} n n 
Hence 


n-I Π 
t+ 2) < (+2). 
nt Η͂ 


This analysis is only valid if@,,a@2,...,@, are non-negative numbers 
and hence we have only shown that the sequence increases when 


1+ 30 ie.n>1-y. 
As in example 4.19, 
i, i RAS © Sg yr 
(+2) A ASIN RC er τ, (2) 


Since there exists an V such that, for any ἢ > N, 


yin. ὁ}: 
n! <( 


we may obtain from (2) 


nt AN+1 ΙΗ 
.ὕ yf ai 
1+-]| sS1 4+ lplt+...4+4m-41-] + ..+ J-— 


1-@y"" 
i=3 


where C is a constant. 


=C+ «(0ὕὃῈῈ}Ψ2 


-- 
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It follows that the sequence is convergent since it increases and is 
bounded above. Note that the limit is positive since 1 + y/n is positive 
when ἢ is sufficiently large. 


From the previous question we know that the sequence 


(-2)) 


converges to a positive limit 7. It follows that positive numbers a and ὁ 
can be found such that 


q\n" 
a< 5 <b 
i 


for sufficiently large values of n. Hence 


fi fi 
gine -Ξ ' +3) < pun 
Fl al 


The result then follows from the sandwich theorem and example 
4.14. 


Exercise 5.15 

For the sequence (— 1)"(1 + 1/n)) the set L = {--Ἠ|, 1}. Observe that 
(—1)"0 + 1/2 1 85 ἢ -Ξ 99 

(—17" Ὁ τιν —-1))>—Lasn> © 


and the sequence possesses no subsequences which tend to a limit other 
than 1 or —1. It follows that 


(i) lim sup(—1)"(1 + I/n) = 1 Gi) {πὶ inf (171 + A/n) = —1. 
Note that 

sup (—1)"(1 + 1/n) = (—1)°1 +3) = 
n= | 


baju 


= 2, 


inf (-)"C + 1/n) = (-1)'0 + 1/1) 


Observe that every rational number in the interval (0, 1) occurs infinite- 
ly often as a term in the given sequence. 

Let x € [0, 1]. By exercise 3.6(4), a termr, of the sequence can be 
found such that 


Ra 1S hy eae. 


A term r,, with nz >, can then be found such that 
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Rega ee ᾧ; Xn, ΞΜ, 
β Continuing in this way we construct a subsequence (y,,,) such that and hence / < M,, by theorem 4.23. From theorem 4.23 again it follows 
| that / <M. This is true for each 7 € ᾧ andsol<M. 
ioe ke From exercise 5.15(4) we know that, given any ¢ > 0, we can find 
k k an such that, for any k 2n, 
and hence r,, > x as k © by the sandwich theorem. xp <ite. 
3 The hypothesis of the question implies that (x,,) contains a subsequence Thus / + ¢ is an upper bound for the set {x}: k > nj and it follows that 
all of whose terms are at least as large as b. By the Bolzano—Weierstrass : M<M, <it+e. 
theorem, this subsequence in turn contains a convergent subsequence | mi a = 
(x,). Suppose that Xn, ~lasr>o, Sincex, δ =1,2,...), it Since this is true for any e >0,M</ (see example 1.7). 
follows from theorem 4.23 that / > ὃ. ala teat ll 


{ ie. lim sup “1 = lim SUP Xn. 
4 Suppose it is false that, for any e > 0, there exists an V such that, for | PREM τῆς, 3 
any n >N, x, <1+ ε. Then for some € > 0 it is true that for each V | 
we can find an > N such that x,, >/ + e. From exercise 5.15(3) we © Exercise 5.21 
can then deduce the existence of a convergent subsequence with limit Π 1 lfu>m, 
ἰ 21+ e. This contradicts the definition of / (see 85.12). 7 | es | Brin | 
The corresponding result for / is that for any te 0, a can find an | eas πω Rl as Sola ae tosis a Wee ae | 


N such that, for anyn >N,x, >1—e. | δῖ θα, +e" 
; Ι1-- αὐ a” 
5 Suppose that /=/=/. Let e > 0 be given. By the previous question we = αἱ ere «- ‘year 
can find an /V, such that, for anyn > Nj, Oo a 
χ,, OY le IP (3) Given ε > 0, choose N so large that, for any m > N, 
We can find an δίῃ such that, for any n > N3, . eS (Example 4.12). 
— 

ρον Si: i 4 | 

reer oe The result then follows. 

Take NV = max ἰδ, N2}. Provided n > N, inequalities (3) and (4) are Exercise 4.20(3) provides the example νη =./n (n = 1,2, ...). 
true simultaneously. Hence, for any n > JN, 
Ϊ--εζχ, <I +e | 2 Note first thata <x, <b(n=1,2,...). Hence 
ie. |x, —Il<e. @ —Xn+1 a 


b iy a 


Thus x, ~/asn >, | 
᾿ Next observe that | 


That x, >/ as ἢ > % implies / = / = / is trivial. 

To prove the last part of the question one only has to note that, if x2 og — Khar = Xneikn —Xne1 = Xn+in—Xns1) 
m is the limit of a convergent subsequence, then] <m < /. Bis 
= + 


Ξ Xp, πο + il 


| Xn+2—~Xneil = es 
Xn +3 Xn a1 


6 The sequence (M,,) decreases because we are taking the supremum at 
each stage of a smaller and smaller set. Any lower bound for (x,,) is also b 
a lower bound for (M,,). It follows from theorem 4.17 that (M,,) con- < atd in τ Χη al. 
verges. Suppose that M, > Masn->, 
Suppose that x, >/asr—>. Then, forn, >n, It follows that 
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5 vir 
IXnai— ἜΡΙΣ = I ΙΧ) χὰ 
and so we may proceed as in the previous question. 
If Xn+2=2n + ΧΙ αι)» 
Xneat biner = Kner th%n Ξ νυν χε t+ bey 
Put J = $(x2 + ἔχ). Then 
χα χη = Zl 
Mingle Bea). 


Hence 
ΕἸ 
IXpar— = ἔχ, --ἢ} = = sale —l|>Oasn>, 
It follows that x, τὸ ἰ 85 Ἡ -Ὁ οὐ, 
Xie = Wate. : 
2 ἐς te ἐν" a ee 
Xneartne — Xn+itn tas ac Ly Ξ XaX 1. 


Put 1 = {x3x,}°. Then 
a Ἢ = " 


and it follows that x, τὸ ἰ ἃ5 Ἡ -Ὁ οὐ, 


+ Let (χη) be a sequence of points in [@, b]. Since [a, b] is bounded, the 


sequence (x,,) is bounded. By the Bolzano-Weierstrass theorem, the 
sequence therefore has a convergent subsequence (x,,,). Suppose that 
Xn, > fas re, Since a <x, < δ, it follows from theorem 4.23 that 
a S/S). Hence (x,,) converges to a point of [a, Ρ]. 


Suppose that J is unbounded above. By exercise 4.29(6), we can find a 
sequence (χρὴ of points of J such that x,, > +: as > οὐ, But no sub- 


sequence of such a sequence can converge and so this is a contradiction. 


Hence J is bounded above. Let b = sup J. By theorem 4.29(6) we can 
find a sequence (χη) of points of J such that x, > b as n > ©, All sub- 
sequences of (x,,) also converge to b (theorem 5.2). Hence ΡῈ J. 
Similarly for ἃ = inf /. 


Let (χρὴ be a sequence of distinct points of S. Since (χη is bounded it 


contains a convergent subsequence (x,, ). Suppose that Xn, > Ἐ as Pr Ὁ 0, 


Then £ is a cluster point of S. 
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® Fxercise 6.26 
1 We have 
3n—2 DF a a πτρ 
n(n + 1)(n + 2) a ΠῚ πε 


It follows that 


=o pte ty 
Laon +2) ae i. 


iMez 


ὃ ἀ ἃ ἃ ἃ ἃ ΒΒ δ 5 ἅ ἃ ἃ ἃ αὶ Ὁ 


ΠΣ τὰ μνς 

N+1 N+2 
A) Ὁ} Ἐς πόθο 
ἘΣ Τὶ ΜΈ W+2 


“Ὁ 1 δ Ν᾽ -ΞὉ οὐ, 


2.Α convergent sequence is bounded (theorem 4.25). It follows that, for 


some ἢ, 
HD. Gee Ly d,..~0k 


Thus the convergence of Στ 5, implies that of Z,=) dp, by the 
comparison test. 
Since 1 > 0, from exercise 4.29(2), there exists an NV such that, for 


anyn > JN, 

a, > lb, 

and hence the convergence of Σ᾿ ει ἄρ implies that of Στὰ by by the 
comparison test. 

(i) Take a, = -- and b,, = 7 Since Σ — diverges (theorem 6.5), it 
it follows that 3 -- diverges. 


ΠΞῚ 
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- l 
(ii) Take a, on diverges. 


| poe ot ee ΤῈ 
Tz and bn = —. Again ae 


ee 2 ae Ι 
(iii) Take a, = Ea and b,, = μεν Since Σ 12 converges (theorem 
= 2 
6.6), it follows that = eS. 
) Σ ya pg Converges 
3 We have 

2n n 

By = fina Fc tthe, = = ἄμ — νὴ dy, Ὁ Ὁ asn > οὐ, 
k=] k=1 


Since the sequence (a,,) decreases, 

by, = naz, = 0. | 

It follows from the sandwich theorem that 2na2,, > Ὁ asn >. 
Similarly (2n — 1)az,-,7 Ὁ 85 ἢ -ὸ οο, 


4 The series diverges because its terms do not tend to zero (see example 
5.11). 


5 (i) We use the ratio test. 


ned ACI Oa. ἀπ 1 
a, | (An+1))!'@!  (Qn+2Qn¢+1) 4°" ™ 


The series therefore converges. 


(ii) Again the ratio test may be applied. 


Qnvi) (01 1) ons (2m)! eh ae 
an (2(n + 1))! (ni 5" 4 85 ἢ , 


The series therefore diverges. 


(iii) We use the nth root test 


GY" - [Ὁ] ober 


The series therefore converges because e > 1. 


(iv) Again the nth root test may be applied. 


᾿ n* l/n 4 
cd | ite of a0 


The series therefore diverges because e < 4. 
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(v) We have 
<a ek ee eee See ye ae 
wet, Ket) ee , 


and hence the series converges by the comparison test (see theorem 
6.6). 


(vi) This series converges by theorem 6.13. 


6 We have 
| 1 νυν δ Se See 
gies Dba et ea 4n—3 4n—1 2n 
ee: ee 1 1 
gf Std ec es) πὸ 
Ϊ co Sal i | 


1 ? 1 ΗΕ 
+ — ἄν ae 
fey 2n+4 A 


= § ig. gr a ae ἘΠ 

oe Sipe k Ate oar 
Here s,, denotes the nth partial sum of the given conditionally con- 
vergent series with sum s. Observe that 


ng ευ ὯΝ i 
on ] 
~+—+...+=}. 
2 4 - 


From this identity it follows that 


ΝῊ 1 1 
— - ,, ἜΣ ΞΘ y i 
re n+2 | Ἰὼ 


- 2 


Hence 


f3n = $2n si 4 Son? 3s 85. τοῦ, 


® Exercise 7.16 
1 
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ta 
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Each vertical line meets the graph in one and only one point. The 
range is {2, 5}. The image of the set [1, 2] is {5}. 


2 


(i) The equation does not define a function from R to itself. 
The value x = 2 is an example of an x for which no corresponding y 
exists. 


(ii) The equation does not define a function from [—1, 1] to R. The 
value x = Ὁ is an example of an x for which two corresponding values 
of y (namely + 1 and — 1) exist. 


(iii) The equation does define a function from [—1, 1] to [0,1]. For 


each x satisfying —1 <x < 1 there is precisely one y withO<y<1 
satisfying |x| + |v] = 1, i.e.» = 1 — |x]. 


We have 
“ ΝΒ P=) fi 1] — 42) -- αὶ 
fo gx) = f(g(x)) [tees TT Fase =D 
Ἰ.-- 2x 
gO f(x) = gf) = 4{0)( —f)) = at 3 [ aa 
(O<x <1). 


The two formulae give different results when x = 1 and hence define 
different functions. 
In order that “ἢ: [O, 1] ~ [0, 1] exist, it must be true that, for each 
y satisfying Ὁ < y <1, the equation 
Γ- 
ex 


Ψ = 
has a unique solution x satisfying 0 < x < 1. This requirement is easily 
checked by solving the equation 

yryx = 1-x 


1 


a. = ‘ 
ity 
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The inverse function therefore exists and 


f7Q) = ee (<y<1). 


(Note that f="). 
The equation 


y = 4x(1 -—x) 


does not have a unique solution x satisfying 0 <x <1 for each y 
satisfying 0 << y Ξ 1. For example, 


44a —) = 4.30 —-) = 3. 
Thus ρ΄ ἡ does not exist. 
4 The function f has no inverse function. When y = — 1, for example, the 
equation y = x* has no real solution at all. 
The function g has an inverse function. For each y = O there exists 


precisely one x => 0 such that y = x? which we denote by /y (see 
§1.9). Hence 


εκ) =vy (20). 
5 We have y = g(x) if and only ifx = g'(y). 
(i)g* og) = g"@@)) = ςΞ Ὁ) =x EA) 


(5 ο g*(y) = ge") = 8) =v WEB). 

When g is as in question 4, these formulae reduce to 
Vx? =x («20) 

Wyy =y (0). 


6 (i) We apply exercise 2.13. Put T = {f(x):x Ε S}. Then 
sup {f(x)+c} = sup {y+c} 
ὃὲ ἘΞ 5 »ΈΤ 
= ΣΕ sup y ΞΞ ΣῈ sup f(x). 
yer x€ES 
(ii) Let 
H = sup f(x); K = sup g(x). 
xES xeES 


Then, for allx © S, 
[αὐτο ΞΗ ΤΑ 
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and hence H + Καὶ is an upper bound for the set 
{ f(x) + g(x): x © S}. 


The result follows. 

To show that equality need not hold, take S = [0, 1] and let 
f(x) =x (0S x <1) and g@)=1—x (0<x <1). Then 
f(x) +e) =1(0<x <1). Thus 


sup (f(x) +g(x)} = 1 
x€S 


but 
sup f(x) + sup g(x) = 14+1 = 2. 
ἃς ἘΞ 5 ἀ ἘΞΑ 


Exercise 8.15 
Since rational functions are continuous at every point at which they are 
defined (theorem 8.13), we obtain 


i+4 5 
i) lim Ξε ---- εἰ --- 
ti) 2. 4 jd 3 
τ ese οὐ SOO” 
roel ee ee Ree 


[Ὁ 


(i) f(x) > 2 asx > 1 —. Given any ε > 0, we must show how to find ἃ 
6 > 0 such that 
| f(x) — 2|<e 


provided that 1 —6 < x <1. Since we are only concerned with values 
of x satisfying x < 1, we can replace f(x) by 2x. The condition 

| f(x) — 2| < then becomes |2x — 2] <e, i.e. 1 —4e<x<1+4e. We 
therefore have to find ἃ ὃ > Ὁ such that 

1—te<x<1+}e 

provided that 1 —6 <x <1. The choice ὃ = $e clearly suffices. 
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(ii) f(x) > 2 asx > 1 +. Given any e > 0, we must show how to find a 

6 > 0 such that 

\f(x) —2|<e 


provided that 1 < x <1+6. Since we are only concerned with values 
of x satisfying x > 1, we can replace f(x) by 3 —x. The condition 
Lf) — 2| < € then becomes [3 —x —2|<e¢,ie.1 —e<x<lte. 
The choice 6 = ε therefore suffices. 

It follows from proposition 8.4 that 


lim, f(x) 
exists and is equal to 2. Note that f(1) = 1 and so the function is not 
continuous at the point 1. 

lfx #0, 


1+2x+x?-1 
δ" 


f(x) = = ᾧ ἜΧ. 


Since in considering a limit as x > Ὁ we deliberately exclude considera- 
tion of the value of the function at x = 0, it follows that 


Jim f(x) = lim (2+x) = 2. 


Let € > 0 be given. We must find a 6 > Ὁ such that |x — | < ε provided 
that 0 < |x —&| <6. The choice 6 = ε clearly suffices. 
Observe that 


f(x) — ξ! ΞΞ Ἰξ --αὶ 
and hence f(x) > as x > ἕ by the sandwich theorem (proposition 
8.14). 


If’ >0,letO<X¥ << Yand take = y in exercise 3.11(6). If 
A a2. . 


] Ι 
heat yin ἀμ". nak E| < ee om, gun - ΟΝ Ix sagt E| 
Fi 


and the sandwich theorem applies. 
To prove that f(x) > 0 as x ~ 0+, we must show that, given any 
€ > 0, we can find a 6 > 0 such that 


xn ἘΞ ai — (| <€ 


provided that Ὁ < x <6. The choice 6 = εἴ suffices. 
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6 Εογϑδῆγε > 0, we can find ἃ ὃ > Ὁ such that 


--- 
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f(x) —Il<e 


provided 0 < |x — δὶ! <6. Since this is true for any € > 0, it is therefore 
true for ε =7 (with an appropriate value of 6, say ὃ =). We then 
obtain 


If@)-A< 
ἰ6.ῦὉ Ξ if fixe 
provided thatO< |x —&|<A,ie.E—-—A<x¥< E+ handx ¥6€. 


(i) if? - 0, 8)ὴ hk >0O can be found such that f(x) < 0 provided that 
E-h<x<i+handx #é. 


(ii) If 2 = 0, nothing of this sort can be said. 

Exercise 8.20 

(i) Given H > 0, we must find a 6 > 0 such that 

x l<—-H , (5) 


provided that -- < x <0. Ifx <0, (5) is equivalent to 1 > — Hx 
which is in turn equivalent to | 


—H'<x 

and hence the choice ὃ = H™ will suffice. 

(ii) Given H > 0, we must find an X such that 

x* >H 

provided that x > X. The choice αὶ =./H suffices. 


Let e > 0 be given. We must find an X such that 
If(g(x)) —T1<e 


provided that x > X. Since f(y) > / as y > + °°, we can find a Y such 
that 


If) —l<e (6) 
provided that 
poe. (7) 


Since g(x) > + °° as x > +9, we can find an ¥ such that, for any 
A. 


give Ύ. 
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If x Ὁ Χ it follows that (7) is satisfied with y = g(x) and hence that 
(6) is satisfied with y = g(x). But this is what we had to prove. 

The problems of theorem 8.17 arise because of the possibility that 
g(x) = ἢ for some values of x. In the above problem ἢ is replaced by 
+ co which is not a possible value for g. 
3 Lete>0 be given. We have to find an X such that, for any x > ἃ, 
ἢ —Il<e. 
Since f(y) - as y > 0+, we can find aé >0 such that 
IfQ) —l<e 


provided thatO< ν <6. 
We choose X¥ = δ᾿. Then, if x >X, 


yee ay = ὃ 
and the result follows. 


4 Suppose that f(x) > ἃ asx > &. Then f(x,) > ἃ 85 ἢ > cand fQ,) >A 
as n > °° (theorem 8.9). This is a contradiction. 


5. Take x, = 1/n(n =1,2,...)andy, =V2/n (n = 1, 2,...). Then 
ΚΙ) = 171 asn>eand f(y,) = 070 asn >. Hence 
lim f(x) 
x+ ἢ 


does not exist by the previous question. 


6 We have 0 < |xf(x)| < |x| and so the result follows from the sandwich 
theorem. 


® Exercise 9.17 


Continuous on (— 2, 2) and on 
[0, 1]. Note that the function has 
a ‘corner’ atx = 1. 


Continuous on (— 2, 2) and on 
[0, 1]. Recall that a rational 
function is continuous wherever it 
is defined. 
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Hence we can find a and b s@h that P(a) <0 < Ρ(Ρ). Since P is con- 
tinuous everywhere, it follows from corollary 9.10 that there exists a ἕξ 
between a and b such that P(£) = 0. (Similarly if a, < 0.) 


(iit) y 


| 
I 


4 Suppose that ἕξ can be found with f() > 0. Since f(x)7Qasx>T™, 
we can find b > ὃ such that, for any x > b, | f()| < f(&). Also, since 


| 
: f(x) > 0 as x > —%, we can find a < ἕ such that, for any x < a, 
0 | | f(x)| < f(). By theorem 9.12, fattains a maximum on [a, δ]. 
| Suppose that Κα > f(x) (x € [a, b]). Then f(n) > ΚΘ) > FC) 
en continuous on (— 2, 2) Not continuous on (—2, 2) but ' (x € [a, b|). Hence f attains a maximum on R. 
op papery ὙΠῸ ᾿Ξ CORMANOHS Os 0, 1}. If a ἕξ can be found for which f(€) <0, then a similar argument 
fil = 2: ; shows the existence of a minimum on R. 


| If f(x) = Ὁ for all x, the result is trivial. 


| 5 Letx,€/J. Then there exists an x, € J such that | f(x2)| ΞΞ 5 {ΧῚ}} and 
| there exists an x3 € J such that | f(x3)| <41f(«2)| and so on. We can 
therefore find a sequence (x,,) of points of 1 such that 


] Ϊ 
Ἐπ ἢ <5 fn .2}} S.. “Sonal | f(x4)\. 


It follows that f(x,,) > Ὁ asm > °°. Since J is compact, the sequence (x,,) 
contains a subsequence (x,,.) which converges to a point ξ € J (exercise 
5.21(4)). Because fis continuous on /, f(%n,) > f(€) asr > ο9 (prop- 
osition 9.6). Hence f(é) = 0. 


Continuous on (— 2, 2) and on Continuous on (— 2, 2) and on 

[O, 1]. [O, 1]. 6 That fis continuous on 1 follows from proposition 9.3. We have 
All of the functions except (v) are bounded on (—2, 2): all but (i) Xn+1—¥nl = |F@n) - ἤδη - οἱ Ξ αἰχη τ΄ Xn - αὶ. 

and (ii) attain a maximum on (-- 2, 2): all but (i) and (v) attain ἃ mini- Hence 


mum on (— 2, 2). 

IXpei—Xnl SO" "|xg—x4l (2 = 2,3,...). 

2 Let g: ]~>R be defined by g(x) = f(x) —x*. Then g is continuous on 1. 
Given any point — € J, let (r,,) be a sequence of rational numbers in / 
such that r,, > ξ asm > οὐ, Then g(r,) > g(£) as ἢ > © (proposition 9.6). 
But g(r,) =0(n = 1, 2,...). It follows that 


O = oe) = fe) —e. 


As in exercise 5.21(1), we may conclude that (x,,) is a Cauchy sequence 
and hence that (χη converges. Suppose that x, > / as ἢ > οὐ, Because / 
is closed we have that / € J. But fis continuous on / and therefore we 
may deduce from the equation 


Xn+1 = fn) 
that / = f(J). 


3 Let P be a polynomial of odd degree n. Let 


P ~_—" ae Π-} 5 Ξ 
Ὁ = 2% Tayiyk Ἐν. Fak ta Φ Exercise 10.11 


Ι We have to consider 
> ΟἽ Ν᾿ Pe ae 9 =e lee 
μι τ ἘΠ) 1+? (4 Ἐπ ἘΠ +x?) 


ay do 
noi on Ἢ 
ἜΚ τ τ ον x 


ie, 
x(q, ἐξ αὶ... 
χ 


If a, > 0, then P(x) > +o ἃς x > - οο and P(x) > —~ as x > — 99, od 
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—2x—h | 


ee a αο 
α Ἐπ τὴὴ]ῆλα Ἐχ (+x%/ | 


2 Letn =—m where m € N. Then, by theorem 10.9(iii), 


l χ .0O—1l.mx™7! 


Dx” Ξε: θ-ῃ ἘΠ με — —mx m3 ἐπ nx"! 
3 Ifhk>0, 
i+hy—fli 232 
ea) Sir aati τὸ δ δὲ eee: 
μ᾿ h 
ἢ <0, 
Ὁ ἢ) - ieee +1—2 
πὸ πῇ = JAS el es =2+h>2ash-0-. 
h h 
That f'(1) = 2 then follows from proposition 8.4. 
On the other hand, if h 0, 


O+h)—g@) _A- 
ee 6). “+ 1 ash>0+ 


but, ifh <0, 


tea) he 
h 


h +—lash~0-. 


4 By exercise 3.11(3), P(x) = (x — £)R(x) where R is a polynomial of 
degree n — 1. Thus 


P'(x) = R(x) +(«—£)R'(x) (theorem 10.9(ii)). 
Since P'(£) = 0 it follows that R(£) = 0 and therefore R(x) = 
(x — £)Q(x) where Ὁ is a polynomial of degree ἢ — 2. 
5 Put g,(x) = (x — ξγ΄. Then 
D*g,(x) = {{1-- 1)... ({-τᾷῖΡς Ἐ 1) -- ΕΠ =(k=0,1,2,...,D. 
It follows that D*g,(#) = Ο (k =0,2,...,/—1) ἀπά 
D'g(x) = 1! (xER). 
Hence D®g, (x) =0 (kK =1+1,1+2,...). We now apply these results 
to the “Taylor polynomial’ P and obtain 
D®P(~) = 0+0+ +L IPOD ® + ...+0 


= FTE) C=O". ...n — 1 
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6 We prove the result by induction. It certainly holds forn = 1. If 


; Sige me 
Nye = 3, (" ΤΡ 
κοῦ 
then 
D"* fg ΒΞ * [ {pitt¢ 5 Ὁ ΠΕΡ Τρ) 
3 ἱπο V/ 
and the proof continues as in the solution to exercise 3.1 1(4). 


@ Exercise 10.15 


1 Let y >x. Then, by exercise 3.11(6) with ¥ =x and Y=y, 


It follows from the sandwich theorem that 


yin —yl/n 
lim — 


| | 
es ae ae 
ree Py n 


A similar argument shows that the left hand limit is the same. 

2 Write r = m/n where m is an integer and ἢ a natural number. Then 
Ϊ rn 1 -ὶ πι-Δ. m no- 

pig iis Dia™'™ Sa τ (χ pity mxm-) = - xl 
3 (i) 11 ΕΞ ΜΝ ΕΣ ΞΞ {1 + ety) ἫΣ 4 726/27 (x Ἂν 0). 

(ii) Dix ue (x ἢ: τὸς ἐν i 

seis {x i. (x oh “ΤΉ + 5 (x ie νὰν Tatas ἢ: te ear! (x > 0). 

d , ἢ i Ἄ d my Sa ᾿ 
4 --ἰ[α = [Οαὖ2χ, {COP = 2[0}]Γ 6}. 

dx dx 

When x = 1, 

2[Π} = 2D FM 

and the result follows. 


5 By theorem 10.13, 
1 = Dx = D(f'o fx) = ῦΓ Ὁ) Df). 
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a 


Observe that, for ἢ > 0, 
(0 ae ny a 013 


Η = 2% >+oa5h>0-+. 


Thus ν΄ is not differentiable at 0. 


6 If x is rational, then y = f(x) =x is rational and so 
fo fx) = fF) = 79) = » = fe) = x. 
If x is irrational, then y = f(x) = —x is irrational and so 
fof) = [00}) = fY) = —y = -- [Ὁ = x. 
A thoughtless application of theorem 10.13 would yield 


Ϊ 
Df(x) = DAG) (vy = f(x)). 


But the function fis not differentiable at any point — thus nothing can 
be deduced from theorem 10.13. | | 
@ Exercise 11.8 


1 The stationary points are the roots of the equation f(x) = 0. But 
f(x) =x? — 3x? + 2x and so 


f'(«) = 3x?—6x +2 
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and hence the stationary points are given by 
a 3+/(9 -- 6) ἐς eg 
3 /3 

If the maximum on the compact interval [0, 3] is not attained at an 
endpoint, then it must be achieved at a stationary point (theorem 
11.2). The only possible candidates for a point at which a maximum is 
achieved are therefore x = 0,x =1+37'’* andx =3. If fis evaluated 
at each of these points, one finds that (3) = 6 gives the largest value 
and hence 6 is the maximum. A similar argument shows that — 2/3/3 
is the minimum and this is achieved at x = 1 3.) 


2 Choose the constant h so that F =f + hg satisfies F(a) = ΕΓ) and thus 
Rolle’s theorem may be applied. We need 
f(a) +hg(a) = f(b) + hg) 
i.e. 
, - fe)-f@ 
g(b) — g(a) 
We obtain the existence of a ξ € (a, δ) such that 
0= ῷ =f Othe 
1.8. 


ἀνθ θα 


g'(é) 


and the result follows. 


3 Apply the previous result with b = x. We deduce the existence of a 
£ € (a,x) such that 
ΓΘ. fe) 
g(é) g(x) 
Observe that ξ depends on the value of x, i.e. ᾿ξ is a function of x’. By 
exercise 8.15(4), we have § >a as x >a. Moreover  #a when x >a 
and so it follows from theorem 8.1 7(11), that 
im £O 2p LO 
ear g(Z) yar gly) 


provided that the second limit exists. The result follows. 


[1 1 
- (1 Ἐν = lim τ---- -- Jh+s 
, lim» Va ty) = | lim | : | +l 
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ὠς me gyal | © Exercise 11.11 
os Se ae 1 Let f: RR be defined by f(x) =x” and apply Taylor's theorem in 
: i. 1 τῇ χ ax : the form 
= im : Se ee ee | =? we U7, 1 ~ I eu 
Mes: fO) = fO+ GO -OFO+-.- + 7 O- DLO t Enor 
4 Given that f(x) =x’ for all x, it follows that Put y =x + 1 and & = 1. One then has to observe that, for 
Di f(x) — 5x"} = f'%)—x? = 0 k=0,1,...,%, 
, | a —1)...2—k+ 1)" n 
for all x and hence there exists a constant ὁ such that f(x) — 3x" =c £. Ferg) = n(n—1)...@ KT DE ὁ = 
for all x (theorem 11.7). κι Ὁ κ' Ὡ 
id that 
5 From Rolle’s theorem we may deduce the existence of numbers πὰ 
No: 1,--->Mn-1 Such that ἕρ “ηρ τ ξ, Ξη, Ξ... Φξ,.γ Ξῆ,,.-α Ξξ, ΤΣ ca I περί 1) -- ἢ 


ΓΘὺ--Ρ ἡ ΞΟ @=0,1,...,2—-1). 


Containing in this way we can demonstrate the existence of ἃ ἕξ such 1 ] 6/9 
sii (14+4)Y? = 244-442 + AG 19492 + AGE IE 2) 


FM) -—P™S) - ἢ. 


But a polynomial of degree ἢ — 1 has the property that P(x) = 0 
for all x. 


2 By Taylor’s theorem 


where 7 lies between 4 and 5. Hence 
J5 = 218 ὦ 4 ns? 
But 
6 Since g(0) = g(1) =0, it follows that (0) = f(1) = 1 and so Rolle’s s/2> 45/2 = 5 
theorem may be applied on the interval [0, 1]. We obtain the existence ” 
of a ξεΕ (0, 1) such that f'(£) = 0. But then f(£) = 1 and so Rolle’s 
theorem may be applied on the intervals [0, δ] and [ξ, 1] and so on. 
This argument shows that between every pair of points x and y for 
which f(x) = f(v) = 1, we can find a point z for which f(z) = 1. 
Suppose thatO<a@< b <1 and (a, 5) contains no point x for which 
F(x) = 1. Let 


A = sup {x:x <aand f(x) = 1};B8 = inf {y:y >b and f(y) = 1}. 


Because a <b, A < B. Also, the continuity of f implies that 
f(A) = f(B) = 1 [use exercise 4.29(6) and theorem 8.9]. But we know 
that a point C can be found between A and B for which f(C) = 1 and 
this is a contradiction. 

Let x € [0, 1]. Since every open subinterval of [0, 1] contains a 
point £ for which f() = 1, we can find a sequence ἕ, of points of 
[0, 1] with f(é,,) = 1 such that £,, > x as ἢ > οὐ, This implies that 
f(x) = 1 because f is continuous. 


and the result follows. 


3 By Taylor’s theorem, for any x € /, 


pix) = 1@) + 2 γῶν. + PFW 4 Bn 


Hence, with the given information, 


fle) 1) = τὰ - OT) (8) 


for some ἡ between x and é. Since f™ is continuous at &, it follows 
from exercise 8.15(6), that, if x is taken sufficiently close to €, then 
f(n) will have the same sign as f‘() (provided that f (ΠῚ #0). 

The problem therefore reduces to examining the sign of the right 
hand side of (8) under the various cases listed. 


(i) f ΧΕ) > 0 and πὶ even. Then the right hand side of (8) is positive for 
x sufficiently close to £ and hence f has a local minimum at ξ. 
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(ii) f “'(E) > O and ἡ odd. If x is sufficiently close to £, then the right 
hand side of (8) is positive if x  ἕ and negative if x < &. 


(iti) ΚΕ) <0 and n even. We obtain a local maximum. 


(iv) ΚΕ) <0 and n odd. This case is similar to (ii) -- see the diagram 
below. 


(i) o 


(in) | (iv) 


το Ὁ Ἶς 


ξ 


ξ 


Of the three functions given, (v) falls into class (ii), (vi) falls into 
class (i) and (vii) into class (iii). 


® Fxercise 12.12 
1 We have f(a) Ξ f(x) < f(b) @<x <b). 


2 Observe that 
te: ] 
f(x) = t+ 1 "Ge + ttt ytnytcg (x >0) 
Fl 


because n = | and hence 


=-l/n 
l | | 
{ -- ᾿ ᾿ + 4 >i @>0). 


3 Ifx andy lie in Jandy >x, then f(y) > f(x). Hence 
oe ee eye 


tN σιν + se 7ἷ--ὰ 


f'@) = J 


The function f: R > R defined by f(x) = x? is strictly increasing on 
R but f'(0) = 0. 


4 Since fis continuous, {{{Π|} is an interval (theorem 9.9). Since f(x) > 
+o as x > +o and f(x) > —% as x > ---οο it follows that f(R) =R. 
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We have 


ΤΟ) =14+3x7>0 @ER) 


on 


on 


and hence theorem 12.10 assures us of the existence of an inverse func- 
tion f': R>R. 

The unique value of x satisfying —1=y = f(x) =1+x +x? is 
obviously x = — 1. Hence 
Df-(-1) = Df) = = A =e 

| Dix) | 27-1) . 4 
Suppose that ἕ is not an endpoint of ]. To show that fis continuous at 
§ we need to prove that f(—) = f(E +) (see corollary 12.5). 

If (8 —) < f(E +) then we can find ἃ such that f(E—) <A <f(E+) 
and A # f(£). Choose a and b in/ so thata<&< b. Thenf@)<A< 
f(b) and so we can find an x Ε 1 such that f(x) = A and hence 
fE-) < f(x) < FE 4). Since f(x) # f(&) this is inconsistent with 
corollary 12.5 and hence f(é —) = [{ξ +). 

A slightly different argument is required if £ is an endpoint. 

The function f: (0,2)~>R defined by 


(0<x <1) 


x 
sa ἐῳ (1<x <2) 


shows that the requirement that f be increasing cannot be abandoned 
(although it might be replaced by some new condition). 


For each x satisfying Ὁ < x <1,0< f(x) < ΗΟ. It follows that 


exists for each x satisfying O <x Ξ 1 and that φ(χ) = 0 or φ(χ) = 1. 

If f increases on [0, 1], then f(x) = M(x) for each x satisfying 
0 <x <1 and hence (x)= 1 (0<x <1). Thus ᾧ is continuous. 

It is more difficult to deduce that f is increasing given that ¢ is con- 
tinuous. We show to begin with that, if Φ is continuous on [0, 1], then 
g(x) =1(0<x <1). 

We know that $([0, 1]) C {0, 1}. But, by theorem 9.9, the image of 
an interval under a continuous function is another interval. Hence either 
(0, 1]) = {0} or φ([0, 1]) = {1}. But the former case is impossible 
because 6(0) = 1. Thus φίχ) = 1(0<x <1). 

Let O<x <y <1. We know that f(x) = M(x) and [()ὺ =MQ). 
Obviously M(y) > M(x) and it follows that f increases on [0, 1]. 


214 


Solutions to exercises [1 2.21 } 


Φ Exercise 12.2] 

1 We have f(x) = (ἃ — 1) — 2)(« — 3) = x? — 6x* + 11x — 6. Hence 
f(x) = 3x?—-12e +11 
f @&) = 6x—12 = δίχα — 2). 


If follows immediately that fis convex for x = 2 and concave for x Ξ 2. 
The roots of the quadratic equation 3x* — 12x + 11 are 


= "ΞΕ 2.1.2 


and it follows that f decreases on the interval [2 —37'/*, 2 + 3.143] 
and increases on the intervals (— 9, 2 — 37*’] and [2 + 37*’?, 0), 


2 Take x; =x,x3=y andx,=ax + By in (1) of §12.13. Since 
atpsp=1, 


4 = ax, + (1 — Q)X3 
and 


Xa X32 xa— xX 
SS a: t p= 5... 1 


J 


ΧΑ -- ΧῚ Xg—Xy 
Thus (1) of §12.13 is equivalent to 
(X3 —X1)f(%2) S 3 — X2) f(%1) + 2 — χα) [( 3). (9) 
Consider now the inequality 


σὴ — [ἡ «9 —f@1) | 


Xa Xy Aa Hy 
This is equivalent to 
(%3 — 1) £2) — 3 — 1) Χ 1) Ξ 2 —¥1) fs) — (2 —¥1) FO) 


i.e. 


(%3 — 1) f(X2) S (3 —Xy —X2 Ἔχ £1) + %2— 2X1) [Ὁ 3) 
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which is (9). A similar argument establishes the inequality 
fs) —f@%1) [Ὁ -- 2). 
χα  ΧῚ X37 Χλ 
3 Let ¥EJand Y€ J. Set Χ = [(Χ) and Y = f(y). From (1) of 812.13, 
flax + By) <af(x) + BfY) = aX +BY 
provided that a>0,6 >0 and a + 6 = 1. Since fis strictly increasing 
on I, ΚΓ} is strictly increasing on J. Thus 
of (X) + BS Ὁ = ax + By <f "(aX + BY) 
and hence f' in concave on J. : 
If fis strictly decreasing on 1, then f~’ is strictly decreasing on J. In 
this case the last step in the proof is replaced by 
af Δ) + Bf UY) = ax + by >f (aX + BY) 


and so f ‘is convex on J. 


4 By the mean value theorem, there exists an Ἢ between x and é for 
which 
f(x) —f@) 
rms 
Because f is convex, its derivative increases. Thus f (nef itx>é 
and f'(n) <f'(&) if x < &. Hence 
f(x) -f@) =f OE — &). 
Geometrically the result asserts that the graph of the function lies 
above any tangent drawn to the graph. 


= f'(n). 


p=ft) 
y=fG +f (ἃ -- ξ) 


vy =f) +f) ὦ -- ξ) y=f(x) 


1 | 
Ι Ι 
| 
ae Ἵ 


f convex f concave 


If fis concave the inequality should be reversed. 
The geometry of the Newton-Raphson process is indicated below. 
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Xn+] Xn 


Given that x,, > £, 6(x,) 20 and ¢'(x,,) > 0. (We cannot have ¢'(x) = 0 
for any x because ¢’ is increasing and hence we would have φ Ὁ) = 0 

(vy < x)). Thus x,,,, <x,. On the other hand, by the inequality of the 
first part of the question, 


O(Xn+1) — OX) =O Cn) Gnesi —Xn) = —OC%n) 


and hence @(x,4,) 2 0. It follows that $<x,.,<x,. 

Since (x,,) is decreasing and bounded below, it converges. Say 
X,>lasn>, Then @(x,,) > (2) as n > © because ¢ is continuous 
and @(x,) > Φ΄ (1 +) as n > © because ¢’ is increasing. We obtain 

oD 
¢ (i+) 
and hence φ([) = Ὁ. Thus / = é. 


l= 1. 


Suppose that f'(£) > 0. Then, using question 4, 
fR)AIO + FOE — > +e ax> +e, 
Similarly, if f'(£) <0, 
fx) =f) + f'O@k —&) > + as x + ττοο͵ 
It follows that f'(£) = 0 for all values of £ and therefore f is con- 
stant (theorem 11.7). 
Let P(n) be the assertion that 


ptxgt...tx,) 51 
pe a <= {f6) Piose SI (10) 


for any X),X2,...,X, in the interval J. That P(2) holds is given. We 
assume that P(2”) holds and seek to establish P(2"**). Write m = 2”. 
Then 2m = 2"*! and 


Ri ns TRS {PRY | | 
[ta M1 (FR rt m+ Abeer oo εν) 


2m 
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ἐπ Ὑν  ἄ ] ΚΟΥ tt vee 
<is{ m ss | 


} ἢ} 


- - 0 }Ὲ. Ὁ = {fGtmii) +--+ FCtam)} 


= — (αὐ +... +f(2m)}. 


We now assume that P(n) holds and seek to deduce that Ρίη — 1) holds. 
Write 


XytXgt...FXp_-1 


am Ὡ"“51 
Then 
ΜΈ Ξ Στ tne +01 = fe) = jo Deed) 
ieee | i 
= (ote t ποι ΣΑ] 
Η 
Ϊ ; 

«-ἰαὺ Ἐπ PG fe 

Hence 


- Κλ)ς - {f(%1) + (x2) +... +fOn-p} 


and Ρίη — 1) follows. 

Let a be a rational number satisfying O<a< 1. We may write 
a =m/n. If B = 1 -- αὶ then β = (n —m)/n. Apply inequality (10) with 
Ny Xo sce = Ky =H ON Nig = Xe = ss Ξε ΞΟ Then 


flax + By) <af(x) + BF). (11) 


If wis irrational, consider a sequence (q,,) of rational numbers such that 
a, > aasn >, Then 8, = 1—a,7>1—a=Basn> οὐ, We have 


F(GnX + BaV) SOnf%) + BrfY) (hn =1,2,...). 


Since fis continuous, consideration of the limit shows that (11) holds 
even when a is irrational. 


® Exercise 13.18 
1 Ifme WN, we have for any x 


] 
of “4 ΞΞ x" 


and hence the result follows from theorem 13.14. 
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bs 
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If Ἢ is replaced by a rational number a τὸ —1, the same argument 
applies. The restriction 0 - a < b is required because x* need not be 
defined for x <0 (e.g. if w= —2, x* is not defined for x = 0). 

If a = —1, the argument fails. (Why?) 


The integrand is not defined when x = 1 and, in ract, has an unpleasant 
‘singularity’ at this point. 


As in example 13.17, we obtain 


ee eee SS PRO Ὶ 


a+] 
Fi 


< [ x* dx < aa f° ἘΖ5 Ἐς ἜἘ} 
It follows that 


1° +2" + +n%-—— < ras 


sale παττὶ : atl on 


and the result follows. 


Exercise 13.26 


Suppose that, for some ξ € [a, b|, g(£) > 0. Then, because g is con- 
tinuous on [a, Ὁ], a subinterval [c,d] containing ξ can be found for 
which 


g()>28(&) (¢<x<d) 
(proof?). But then 


b d 
" g(t) dt > ἷ; g(t) αἱ > 4g(~)(d—c)>0. 


We integrate by parts. Then 


| 


b " ἢ BL se 
i xf (x)dx = [xf n=]. f (x) dx 


xf'@)le—- (F@)e 


and the result follows. 


Observe that F'(t) = f(t) = {F(t)}"? (theorem 13.12). Hence 


( -- 1) = { Ἶ ldt< | 4 [ΕΓ ΞΕ ἢ dt (theorem 13.23) 


μη 
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[2{Ἐ{Ὀ}} ΠΣ (theorem 13.14) 
2{F(x)}? <2f@). 


Ι! 


By the continuity property (theorem 9.12), the function f attains a 
maximum /M and a minimum 7 on the set [a, b]. Hence, by theorem 
13.225: 


νι [7 κ( αἱ « [7 Og@ar<m f, g(a. (2) 


We now appeal to the intermediate value theorem (corollary 9.10). The 
function F defined on [a, δ] by 


PQ) = fee) [{ e(eat 


is continuous on [a, b] and hence a £ € [a, b] can be found such that 


F® =(> κρεῶ αἱ 


because of (12). 
If g(t) = 1 (a@<t<b) and F is ἃ primitive for f on [a, b], then the 
result reduces to 


F(b)-F@ = ΒΒ Ὁ -- αὶ 
which is the mean value theorem (i.e. theorem 11.6) for the function F. 
We have 
8 ὃ ! 
[ fHg(O at = [[(σ(] -- | _ FOG) at. 


Since f'(f) = 0 (a < t < b) we may apply the previous question and 
deduce the existence of ξ € [a, b] such that 


Ι! 


μτοσο]"-- σῷ |, Ὁ αἱ 


[fOGOl- GOO 
F(b){G(b) — G(E)} —F@{C@ — GE} 


“b 
= f(a) [: g(t) dt + f(b) ᾿ g(t) αἱ. 


[: κθε αἱ 


| 


6 We 9 05 the given integral by parts. Then 


a= o |, e-em 
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Ξ l δ΄ . -l¢(n-1) x 
ΕΞ ΤΙ ἴα ΗΝ 
+] (A174? (at 


Ee EF Byes 


eer 


- κα ἃ κα ὁ ἃ ὁ αὶ ἃ ἃ 


Ὁ ea-1lein-1) hoe ἊΨ τος μὰ 4.’ 
ΕΙΣ {ΡΠ ἢ) (x —&)f (ἢ) + £1. 


But 
E, =f, f'@dt = fe) -f® 


and therefore 


fx) = f®™+e-Ds/O+... ἘΣ α- Ὑγ ΧΘ + E,, 


as ly Observe that, by er 4 above, 


b= al eon 


τς gre, Gi a = I τ erences als (2 


for some value of ἡ between x and &. 


@ Exercise 13.34 


ὦ [1 “γι Ὁ = [--2δ(! -- νει δι = 2-261? +288 > 0. 


ἫΝ (Ι Aon = hi t27 


Pe Pee EE Se een 
3. Stes se" 


(iii) Since 
(1 Ἐχ ἐχ +27) 
1 ἘΧῊΧ i ds 


we can find an A such that 
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Ἐν +x" a 
l+x+x°5 1+? 


The existence of the improper integral then follows from proposition 
13.29 wn ieee 13.30). 


(x = 0). 


2 
μὴ. age = BO at = atmo. 


(v) Put 1 —x =y. Then 

1-5 dx ὃ — dy if dy 
Ι, Ι- ur ] Ai Ι: γ 
and so (v) reduces to (vi). 
(vi) Put y = 1/z. Then 


1 r dz 1/6 
é δ 1/6 "oa 1 Zz 


by example 13.33. 


he. x(1 “ae W2ie-¥ ee =e 1/2 ΧΑ = Xj 
Put x = 4 —w in the first integral and x = 3 +u in the second integral. 
Then 


2 ] τ 


y Iu ¥ 2u 
ite gre 8 ΠΕΡῚ Serer τς. 
t=~|:qrpesa™ *h. ὑπ ™ 


However, the improper integral does not exist. We have 


1/2 Ix — 1 2y vdv 
Se Se -- 2 1. τ π- ΞΙΤ Ξ 
bn -y x(1 —x) 6 (1.--} +2 
2y 
= αἰ | - : |e 
0. 2 ae 
+—oogsy>4t— (exercise 13.34(1v)). 


On the other hand 


Vi2+2 ai 2y vdv 
=+2) --------- 
τὰ x(1 nae ἽΝ (1 -- οὐ] +2) 


+ Ἔσο ες 7 -Ὁ ἢ -- 


3 After theorem 13.32 it is enough to establish the existence of the im- 
proper integral 


beak 
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But 


a ἢ ὁ! Ι 
Ι΄. Ἐπ δ τ ὁ ΠΉΞΕΩΣ L— αι * 
11 


provided that a> 1. 


] 
oe 


® kxercise 14.3 
1 We have 


_ f* Si. ae 
log 2 =|) 77 22 — 1) 70. 
Observe that 


log (25) = nlog2>+easn—> oo 


and hence the logarithm is unbounded above on (0, ©). Since it is 
strictly increasing, it follows that log x > +° as x + +, Also 


log (2) = 


Thus log x > στοῦ asx > 0+. 


—n log 2>—~asn >, 


2 Since the logarithm is concave, 
log y —log 1 Ξ ( -- 1) 
for all y > Ὁ (see exercise 12.21(4)). 
Take y = x*. Then, using theorem 14.2(ii), 
slog x = log (χ Ξ χ —1 <x, 


(i) Given r > 0, put 5 = ἐγ in the above inequality. Then 


x "logx = χα log x) <x7"?/s > 0 asx > +0, 


(ii) Put y = x7! in (i). 


3 We have Ε΄) = logx +x.x7'— 1 =logx and hence F is a primitive 
for the logarithm. By theorem 13.14, 


1 “2 
[, log (1 +x) dx =|, logtdt = [tlogt—f]j 


= 2log2—-—1 


log (4/e). 

As in example 13.17, 

ἐξ ἢ (k —1) 1 Rj k 
—log |1 +——-} < 1 Es —log {1 +— 

Py : oe ( 5 {, log (1 + x) dx wate eee 


Hence 


| 
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ee θῇ τὰ 
Live ( a ive (i +a) 


we ‘cain aaa + 1) + oe Aso αι χα 2). σα πὶ 2 166 Ρ 


‘ce + 1) .. an 


<= log 


n 1/n 
n(2n)!\" 4 (2n)!|"" 1 
fe) --Κὶ = | 
log ἘΞ |"! . log 5 ἽΕΙ ne ie 


It follows that 
2 
θεῖο: 1 fon a 
n! 


Consider the function @: (0,°°)>R defined by 


: 1 
— log A epee? 


o(x) = logx —ax. 


If a<0, (x) > τ 99 asx > 0+ and d(x) > +easx> +e (exercise 
14.3(2)). It then follows from the continuity of ¢ that a solution of the 
equation @(x) = 0 exists. 

The case a > 0 is somewhat more interesting. It remains true that 
(x) + —% asx +0 + but, for this case, d(x) + — asx > to 
(exercise 14.3(2)). Consider the derivative 


ἐν Ϊ 
φ(χ) = i 


From this identity it follows that ¢ is strictly increasing on (0, 1/a] and 
strictly decreasing on [1/a, °°). Thus 


a(x) <o ἢ = log——1 (13) 


with equality if and only if x = 1/a. Because ¢ is continuous on (0, °°), 
solutions of ¢(x) = 0 exist if and only if the maximum value 6(1/a) of 
ᾧ is non-negative, i.e. 
log (1/a)21 = loge. (14) 
Since the logarithm is strictly increasing, (14) holds if and only if 
l/ja>e,ie.easl. 

The inequality ὁ log x < x (x > 0) is simply (13) with a = I/e. 

We prove that the sequence (x, is decreasing and bounded below by 
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e. We have 

Koag = CIOEX, = XE 

and so (x,,) decreases. If x, > e, then 
Xn) = Clogx, >eloge =e 


and so the fact that (x,,) is bounded below by e follows by induction. 
Suppose that x,, > ἕξ asm > %. Since χα = e log x,, and the 
logarithm is continuous, 


δ = elogé. 
But this equation holds if and only if ἕ = e. 


5 Apply theorem 13.32 with f(x) = 1/x. Then 


and A, > y asn > ©, 
As in the solution to exercise 6.26(6), 


ee aa ane ΤῊΒ 7= pie ee 
εν ae | 2, -- 1 = 2p n+1 at+2 2n 

εἶν Pay te healing eta geile po 

2 2n 2 na 


jlog 2n + Az,} — {logn + A,} 
lop 2+ Ao, — A, 


>log2+y—yasn>™, 


6 (i) D{logx}§ = s{log x}8"* 1/x (ii) D {log log x} = ες , 2 
ο x 


Ifr #1, take s— 1 =—rin (i). Then 
xX ] δ᾽ 1 | ὯΝ Ἄ + co (r< 1) 
I, Sloeuy dx = (log x) | - 


].:. loa Dy Ὁ 


as X > +00, If r= 1. we use (ii). Then 


a 8 
I, x log x dx = flog log x|4 > +00 as x > +00, 


The appropriate conclusions about the given series follow from 
theorem 13.32. 


] 
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e Exercise 14.5 
1 (i) Put ¥ = exp x and Y = exp y. By theorem 14.2(i), 


log XY = logX¥ +log Y¥ =x ty. 

Hence 

exp (x+y) = exp {log YY} = XY = (exp x)(exp y). 
Alternatively, consider 


p βαρὰ ty)| _ exp @ +y)-expx —expx.exp@+y) Ὁ 
expx (exp x)’ 


for a fixed value of y. We obtain 


exp(x ty) _ ὁ. (ER) 
exp x 

for some constant c. The choice x = 0 shows that c = exp y. 

(ii) Put Δ = exp x in theorem 14.2(ii). 

log X" = rlogX = rlog(expx) = rx. 

Hence 


exp (rx) = exp (log X¥") = α΄ = (expx)’. 


(i) By exercise 14.3(2i), for any s > 0, 

ΑΓ log X¥ >0 as X > Του 

Hence 

(log X) "XY = {(log X)X MT > + cc ἃς X > + &, 

It only remains to put Y = exp x (see exercise 8.20(2)). 
(ii) By exercise 14.3(2ii), for any s > 0, 

X* log X 0 as X¥ > 0+. 

(log XY X = {(log X)X “PY >O0as X70 +. 


Put ¥ = exp x again and the result follows. 


ceo ad exp Xx 
3 Oe. - = iim, : - = expO = 1. 
edt) ee 1 


(ii) lim, πὸ 1 i+0 


4 We have 
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Η (ὃ = h(O =A). n | 2 
snags i [x logx —x]§8< Ὁ logk < [x logx —x]} : (15) 
Hence Rese 
ε Ξῷ»» ica > 0). nlogn—n<logn! <(n+ l)log@@+1)—-(W+1)+1 
=x (χ 

° AO nlogn—logn! <n <(n+ 1) log(# + 1) —loga! 

Thus n (η - 1γ1}1} 
log fF <n Slog we 

[log H(t)|o 2x. ln! n! 

(0) = 1 and it follows that (n+1y"" 

But H(0) = 1 and it follows that a eminem 

log H(x) >x τ 
(Note that (15) involves the use of an improper integral on the left 

ἘΠΕ al hand side. From exercise 14.3(2), x log x > 0 asx > 0+.) 


5 We have 
ΓΟ = 18.3x? exp (18x?) 
f(x) = 18.6x exp ([8χ + (18.3)*x? exp (18x°). 
The sign of f(x) is the same as that of 
d(x) = 2x +18.3x7 = 2x(1 + 27x’). 
Observe that (0) = 6(— 3) = O. Since 
g(x) = 2+8.27x? = 2+ (6x), 


Φ Exercise 14.7 

1 (i)a**” = exp {(x + y) loga} 
= exp {x loga + y log a} 
= exp(xloga)exp(y loga) (exercise 14.5(1i)) 
= aa. 

= exp {x log (ab)} 

exp {x loga+xlogb} (theorem 14.2(i)) 


(ii) @by* 


it follows that ¢ is strictly increasing for 6x > — 21,5 and strictly 
decreasing for 6x - -- 21,5, 

Thus ¢ is non-negative on the intervals (—°e, —4] and [0, ©) and so 
f is convex on these intervals (theorem 12.19). But ¢ is non-positive on 
[—4, 0] and so fis concave on this interval. 


= exp (x loga)exp(xlogb) (exercise 14.5(1i)) 
_ αὐ ρ΄. 
(iii) a~* = exp {- x loga} 


] Ἔ 
= ------.- exercise 14.5(11i 
exp (x log a) ( (11) 


“ag * 


a 


6 Since fincreases on [0, °°) 
f(x)Sf(k) (K-1<x<k) 
ΓΞ. αὐ (kKexskt+1). 


Hence 


(iv) Note that, since αὖ = exp (x log a), it i that x loga = 
log (a*). Hence 


, f(x) dx S f(k) < I 7 dx. a*” = exp {xy loga} = exp {y log (@*)} = @)’. 


But 2 We have 
"ἢ nook n+l no ake Dfexp (x loga)} = loga. exp (x loga) = (loga)a*. 
J, fear τὶ fy, Meas {, ΠΟ) ως ΣΙ, Fedde. 


3 By theorem 8.9 and exercise 14.5(3ii), 
Apply the result with f(x) = log x. 


Eee 55555 5 = — , : - 
) ᾿ 
tol 
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log (1 Ὁ χη "ἢ does not exist, even though 


nlog(1+xn") = x = 


“FO aS 7 a Oo, 


———— νον. 


xn Χ MEN 
te Se eee τυ Ὁ δα, 
Since the exponential function is continuous at every point, it follows ae De 
that 
n | ) 6 (i) The trick is to differentiate the given equation with respect to x 
+ ‘| = exp " log -+- 2} > exp x 85 > οὐ, ἡ keeping y constant, and then with respect to y keeping x constant. For 
᾿ each x and y, we obtain 
4 By exercise 14.3(2i), n* logn +0 asn > ©, Hence, f@=fetrty =fo 
᾿ | and it follows that 

l/n _ | a 

ΜΠ = δΧΡ Ὶ-ἰορ πὶ -ὸ ΘΧΡ  ΞΞ 1 85} -Ὁ οὐ, : 


for some constant Ο and hence that 

f(x) = cx +d. 

Since f(0) = 2f(0), we must have ὦ = 0. 
(ii) As in (i) we obtain 

fROFfO) = 10} 0) 


and therefore 


5 (i) Consider 
[, e812 dy. 
Take (x) = e~*’? in proposition 13.29. We know that 


ΒῪ 
[ e *!2 dy ΞΞ- [--Ξὲ “ΠΣ + 2 as Χὶ +00 


and 
e 2 < e* (%>1), Pe =e (@ER). 
A similar argument (with ¢(x) = e*!*) establishes the existence of Hence 
ΤῸ ΟΣ ἦν. log f(x) = cx +d. 


Since (0) = f(0)*, d = 0 and hence 


It follows that the improper integral 
f(x) =e" (ER). 


beck: e 8? dx (iii) As in (i) we obtain 
exists. bs (x) a f Ὁ) 
(ii) See §17.3 A + 
ii) See $17.3. 
and therefore 
(iii) We have 


2 | 
x x ἀν [α)})ν- -- @>0). 
᾿ l ae dx = [2 log (1+ x) > x 


Hence 
= Jog (1  ΧὮ - Ἔσο ἃς Y¥ > +, f(x) = clogxtd (x>0). 
Hence the improper integral Since f(1) = 2f(1), d= 0. 


- -- ὁ ] + x? 


(iv) As in (i) we obtain 
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. f the func- 
x) fy "yy fx 2 To employ exercise 13.26(6), we need the nth derivative ὁ 
are = ee | tion f: (—1, °) >R defined by f(x) = log (1 + x). We have 

and therefore x) = 

τὴ = > 
bis Ein geiscgh | | 
ff) x f') Eee ΠΩ + γ 
x 

log f(x) = clogx +d. | 3 

Ce Chee ee ear dre Ci a Pe el ον yr : 

fa) τα 5) εοῶξΞα- Ἐς 

fix) = x° (@&>0). i cba 
e Exercise 15.6 7 | (A formal proof would require an induction argument. ) These deriva- 


1 (i) The interval of convergence is R because tives are evaluated at x = Ὁ and from exercise 13.26(6) 


n=l] 


| x 
| : es (n-1) 0 + Ei. 

(α, 15 = > Oasn->o | log(1 +x) = fO)+7, f'O)+-. err (0) 
L3 3 ΤῊΝ n-2 

(ii) The interval of convergence is {0} because δεῖν ἘΞ Ῥ = oat 4. cr, Rk 
: ἢ: | 
πῶ ἴω ΞΕ (n+ 1) -Ξ οὐ ἃ ἢ -Ὁ το, where 
(iii) The interval of convergence is R. This is most easily seen by com- E, = | [ ¥ (x — Pf") dt | 
paring the series with the Taylor series expansion for exp x. | (n — = : | 

n-1 

(iv) As (iii). Mane POE il! oe J se ] 
~ (n— ah Jo aoe ef ( τὴ" | 


(v) The interval of convergence is (—4, 4). The radius of convergence is mie, 
equal to 4 because These formulae hold for any x >—1. We are concerned with the values. 
of x for which £,, > 0 as n > ©. We therefore have to consider | 


an+1 (n +1) (n + 1) 
= = io 9 sito, «(x —ty 
i 4n (Qn + 2)(2n + 1) 22n + ἢ 4 ΙΕ.} = ς΄ f|. 
| i iM 6ΠΈῸ 
Note that the series cannot converge at the endpoints x = 4 and ( ) 
x = —4 of the interval of convergence because (a,,4") is strictly increas- Ifosx<l, 
ing and hence cannot tend to zero. We have κα- "5 ἼΩΝ 
ΩΣ — .2ὦπ- 
ὦ _ . mG. ἐμ ὡς ᾿ ae 4 |E | = ὴ ( +1)" def (x t) dt 
a,4"  (n a +) : ἃ Sp Φ 6. ye x" 
᾿ : ; =a oF Eas oe, 
(vi) The interval of convergence is [—1, 1). The radius of convergence is n 
ual to 1 because 
equal to yey if—-1<x<0, 
an+} a n-1 
ee ee l 48 Η -ὸ co, 0 (t =x} 
: = rumen ΣῈ 
an | Vint) El 5}. “Gap? 


The series does not converge for x = 1. 


The series converges for x =—1 by theorem 6.13. It is easily seen that 
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G6 ax {τὺ 150) 
i +2 | 


and it follows that, for —-1< x <0, 

0 dt 
__y\n-i 

El <J, aoc imal ee" 


= (—x)"""[-log (1 +x)] +Oasn>—, 


The series expansion for log 2 is now obtained simply by setting x = 1. 


3 To obtain the form of the remainder as given in theorem 11.10, we 


have to write x = 7 in the formula for f(x) in the previous question. 


This yields 
p= CE (zy 


n I+7 


where ἡ lies between Ὁ and x. If 0 <x <1, there is no problem. Since 
Ii+nl, 


] 
Enl Sx" > Ὁ asin > o, 
If —1 <x <0, we can assert no more than 


1{/—«\" 
Bt Se iI. 
Ea ἘΞ 


But 


—x οἱ a 
a ( 1<xs 3) 


and hence we are only able to show that the remainder term tends to 
zero for values of x satisfying —4 <x <1. 


4 We have 


l : Ϊ 


Ro ee 
oe RTT Gee op 


] l ᾿ 
a (n+ 1)! bet tots | 


j— 


- 


ΠΕ ΒΒ. 
(n +1)! b+ otto. 


ἌΡ oe re ee: 
(ntl)! |1-@+2y7 


nA 
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vr ue n+ 2 
~ (atiintl 
From the power series expansion for e* with x = 1, we know that 
ὦ 1 
QO<e- ag ὙΠ" 4 = ἢ. 
We have to take m = 4. Observe that 


Suppose that e = m/n where m and ἢ are natural numbers. Then 


| : aoe! 1 
f= ont theta ἐδ) 
is a natural number. But, by the previous question, 
nm! (n+2) 
(n+1)!(n +1) 
fut? οὐ 
(n+1)° 4 
provided that ἢ is a natural number. But there are no natural numbers 
in the interval (0, 3) and hence we have a contradiction. (Note that 


Bes l l 


(nt+1)? at” Ged 


and hence is obviously decreasing.) 


0 {1 = n'!R,< 


We prove by induction that, for any x #0, 
ΓΑ) = FP 5 e Lix* (16) 


where P,, is a polynomial of degree 3n. For ἢ = 0, there is nothing to 
prove. Given that (16) holds, 


rt ! I Ϊ - se" ] 2 ἘΣ κἢ 
ἜΝ 3} εἶ ἢ 0 


Observe that the polynomial P,,,, defined by P,,.,(”) = -- »?Pa(y) + 
2y°P,,(v) has degree 3n + 3 provided that P,, has degree 3n. This com- 
pletes the induction argument. 
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We next consider the existence of the derivatives f (0). Again we a Σ a(a—1)...(a—n) [1 πῃ. |x" 
proceed by induction. We show that f“(0) =0 (n = 0, 1, 2,...). This ἐξ ταν (n—1)! ln a—n 


is given for m = 0. On the assumption that f~ (0) exists and is zero, 


= We 1}. ee Re aa 


ΑἸ 


! 
χ BR ae n! 
β It follows that = af(x) 
em -’ μὰ. rin-l) Ὶ 
lim (Pear = lim yP,_,(y) οὐ - It follows that, for |x| Ξ 1, 
χα πο Ὁ “τὸ σα 


: D{(1 τα αὐ = —a(1 +x) ἘΠ +x) Fx) = 0 
by exercise 14.5(2) (exponentials drown powers). The same argument 


also applies with the left hand limit. It follows that f (0) exists and is and therefore 
zero as required. | | fe) = c(1+x)® (Ixl<1) 
Since f,,(0) =O (n =0, 1, 2,...), the Taylor series expansion of f | 
about τς οὐδ 0, : ᾿ i ‘ J for some constant ¢. But f(0) = 1 and hence c = 1. 


OOF OO TE FS W. 


2 The radius of convergence R is given by 
This converges to f(x) only when x = 0. : i Geir 
Ro ate yt 
® Exercise 15.10 Ww h 
! that 
| The radius of convergence R of the power series a ee 
os 99 Ί 
αία --1)... (ἃ τοῦ Ἑ 1) ea {{|Ξ1} 
fy = Y ΞΘ πτὺς Leary wi<y 
n=0 : 
is piven by | Hence, using proposition 15.8, 
| = Ϊ 
Ϊ 3.51}... “ἢ 1! ee --.-.-..ὄὄ-ς «1 
Es tes Ια(α 1) Sats n β p> nx (1 —xp (Ix| <1) 
R ne (n+ 1)! la(a—1)...(a—n+1)| 
τ 2 
: emi β Ἐ aie 1)x?-? = ———__ (|x| <1). 
= in ed 4s —s 
Pe, ae n=2 (1 —~x) 
For |x| <1 we may therefore apply proposition 15.8 and obtain A eral 
Ads Mat). τὺ τ ὦ. ξι nx” = 3 ἐμέ -- ἡ ὁ ηἶσ' 
ὍΣ π- 6 πτὺ ητι a = ea) 
Hence, = x7, ¥ n(n—1)x""7 +x. . nx? 
n=2 n=] 
(1 +x) f'(x) ss le 
= a(@—1)...(@—nt1) = α(α--1)...(α--π 1) ee 
> a(a—1)...(a—n- ma a=)... -—nr i) . | 
= 7 Serene nee renee treteeromntemen: 24 εἰ. + 3 
2 ΤΆΤ >» a—1)! | _ 2x ἢ mp χΧ) = (|x| < 1). 
<= Ὁ = 
Δὲ Βα Σ α(α--1)...(α--η) α(α--!)... (α--π ἘΠ) x 
n=1 n! 0: Ὁ} 3 The power series 
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— an ἘΝ If g(x) = 0 (χ Ε J), then, using proposition 15.8, 
οὔ! 0 = ῥ(ξ) = δὺ- δ 
has the same ea of convergence as the given power series because 0 = 2%) = τὰ,-- δ) 
Ἢ ΒΝ Ἐπ = lim 1 Bap gad | 0 = g(&) = 2@.—42) 


: O=e" = 3.2(a3— 53) 
By proposition 15.8, if x € 7 but is not an endpoint, g (ξ) (a3— b3 


F'(x) = i i - (2+ 1)x" = f(x). and the result follows. 
Hence : 6 By proposition 15.8, 
| y 

F(y)—F) = {. fle) ax. | 


fie) = Y naps 
n=0 


Observe that F(O) = 0. From the previous question it follows that 


4 The function f: (—°, 1)>R defined by | Qn-1 = Na, (n=1,2,...) 
ΤΣ ἢ | as required. But then 

fey = - πὸ (17) a 

x | = ao 
has the Taylor series expansion ae 

ἀν 1 1 

f(x) = a a gee Γ-ι χε ῖλ ae es = Ἶ Ὁ 
(Note that formula (17) does not make sense when x = 0, but it is | Pe epee: ᾿ 
natural to define f(0) = 1.) | ig ne Baa 


If0< y <1 we obtain from the previous question | and, in general 
1 a ᾿ 
pe | 
᾿ ) ἂν = yt “ae | dn = "ἢ ( ΞΞ 1 2..... 
and hence 


lim [ ΠΟ) ἀκ = tim Σ᾽ ὅς. 
¥RI- a, | 


Thus 


oo x” , 
71- f(x) = ao Σ ττ = ae*. 
n=o fl. 
But the final power series converges for y = 1, and from proposition 
15.8 we know that the sum of a power series is continuous on its inter- 


® Exercise 16.3 
val of convergence. Thus haa 0? 0 ; 
1 {} ΒΞ beta Sa. a δα 
οἴ log (1 —*) 3 ὦ 1 | (i) cos a Ἢ 
εὖ χ ax Pig nn. 03 03 
(ii) sinO = if see 0 


5 We consider the power series 


60 Set)  μωυ 
g(x) = δ᾽ (ὦ. -- δ9ροὺ)α -- ἔν". (iii) cos (—x) = 1— “a ig ΣῈ ΠΣ 
n=O 
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= * 7 —* Ἶ τα 5 
(iv) βίη (—x) = ae al ie = tx 
3! 5! 
We appeal to proposition 15.8. Then 
1 ὦ . 3 5 
Doosx = D{i——+~ +...) = a a oe 
2] 4! 2 4: 6! 
Ἐπ ὡ ΝΗ 
= Ἐπ χ 3: 51 = —sinx 
| 5 2 4 
Dsinx = 5[.- +E . = τ... τρανὰ 
a δ i. δ] 
ΡΠ ΝΣ 
ae 
= a ae cos X. 
2 We have 
g'(x) = cos(x +y)—cosx cosy +sinx siny = A(x) 
μ΄ ΑἹ = —sin(x + y) + sinx cosy + cosx siny = —g(x) 
Hence 
D{g(x)* + h(x)?} = 2g¢(x)g' (x) + 2h(x)A'(x) 


2g(x)h(x) — 2h(x)g(x) = 0 
for all x. It follows that 
g(x)’ + h(x) = g(0)?+n(0)? = 0 


for all x. Since {g(x)}? > 0 and {h(x)}? > 0, we may conclude that, for 
all values of x, 


g(x) = 0 
and 
h(x) = 0. 


3 (i) 1 = cos (ἡ —x) = cos x.cos (—x)—sin x. sin (—x). 


(iii) O < cos*x < cos*x + sin*x = 1. Hence |cos x| < 1. Similarly 
lsin x| <1. 


(iii) sin 2x = sin x.cos x + cos x.sin x 


(iv) cos 2x = cos x.cos xX —sin x.sin x. 
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cog Of “BOS . ax 
i) boo i π" 
x τῷ x xO 2x 


ee 


5 By the mean value theorem, there exists £ between Ὁ and x such that 


sin x — sin 0 
ee aie 5... 

y=) 
and we know, from question 3 above, that |cos §| <1. 

The convergence of Σ᾿ - 2 sin (1/n*) may be deduced from the com- 
parison test because 


spl 
sin [> 
" 


Alternatively, we may appeal to exercise 6.26(2). From Question 4(i) 
above 


l 
τ τὸς {π|85.1.2...... 
Il 


sin (1/n*) sin (1/n) 
lim =; tim = 1, 
ne 1/n? no ὦ ΤΠ 
The latter result shows that 2}. , sin (1/7) diverges. 


6 From exercise 13.26(5) it follows that, for some £ between m and n, 


"n sin ἢ 1 ré 1 en 
— dt = = sin ¢ dt +— | sin 1 dt 
Mi sm net 


mm ἢ 


| 


I i 
~ {cos m — cos £} + — {cos £ — cos n}. 
ae nl 
Hence 


——— 


π sin ἢ 4 
ke : |< 
we: Ff 


Let ε 0 be given and choose NV = 4/e. Then for anyn >m >N, 


π sin f πὶ gin ft 4 4 
(7 dt [, : ἀξ] Ξς-- <= Ε 


Ν 


and it follows that we are dealing with a Cauchy sequence. Hence 


nm sin? 


na δὰ 1 ΐ 


exists (theorem 5.19). 


® Exercise 16.5 


1 From the discussion of §16.4 we know that cos x >0(—31<x <3n). 
Since sin (x + 47) = cos x, it follows immediately that 
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sinx 20(0<x <7). But 
D(cosx) = —sinx 


and thus the cosine function decreases on [0, 7]. Because cos (x + 7) = 
— cos x, we may also deduce that the cosine function increases on 
[w, 27]. Further, 


D*(cosx) = —cosx. 


Thus D?(cos x) <0 (--π < x <47) and so the cosine function is con- 
cave on [—47, 37]. Because cos (x + 7) = — cos x, D*(cos x) >0 
(ἐπ < x Ξ ἐπ) and so the cosine function is convex on [41, 3a]. 


We have 
sin (x +7 — sin x 
tan (x +m) = ait - = tanx 
cos(x +m) —cosx 
(provided that cos x #0). Also 
cos ¥.cos xX —sin x (— sin x ] 
Dtanx = poe eh AM ν 95. ny ae 
cos*x cos*x 


(provided that cos x #0). Since cos x does not vanish on (—47, 47), it 
follows that tan x is strictly increasing on {--ὦπ, 47). We have cos x > 0 
as x > 4m— and sinx > 1 asx > ἔπ--, Since the sine and cosine func- 
tions are positive on (0, $7), it follows that 


sin x , 
tanx = Ὁ 9 8 χ᾽ τὸ on =, 
cos x 


Similarly for tan x > —o asx > —4n+. 


We have 
Dsinx = cosx>0 (—in<x<4n) 


and hence the sine function is strictly increasing on [—}7, 47]. Since 
sin (—}7) = — sin (47) and sin (47) = 1, it follows that the image of 
[- ἐπ, $a] is [—1, 1]. 


x = aresin y 
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Ϊ ] 


D sin x cos x 


D(arcsin y) = 


' . a | 
where x = arcsin y, i.e. sin x = y. Since cos’x + sin*x = 1, we have 


cosx = +/(1—sin’x) = +V(1 —y’). 


We take the positive sign because we know that the arcsine function 
increases. Thus 


| l : 
D(aresin y) = Ja —y) (j—-i< p= th. 
We have 
Decosx = —sinx<0 (0<x<7). 


Also cos (0) = 1 and cos (7) = — 1. Hence the image of [0, 7] under the 
cosine function is [—1, 1]. 


l ] τι ἢ 
mY © Deosx —sinx V(1—y?)’ 


We take the negative sign because the arccosine function decreases. 
Note that | 


cos (x +47) = —sinx = sin (— x). 


If x lies in the range [—42, 42] we may write —x = arcsin y. But 
then 


cos (x Ὁ Ἐπ) = y. 
Since x +47 lies in the range [0, 7] it follows that 
χ Εἶπ = arccos y. 


ie. ἐπ = arccosy + arcsin y. 


4 It follows from question 2 above that the tangent function is strictly 


| 
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increasing on (—42, 47) and tan x > + asx > ἐπ -- and tanx >— 
as x Ὁ —in +. Thus the image of (-- ἔπ, 47) is R. 


] 


Darctany = sorta cos*x (Ὁ Ξ tan x). 


But cos*x + sin*x = 1 and so 1 + tan?x = 1/cos*x. Thus 
1 ] 


Darctan y = ————- = ——.. 
YT #¥tan®x 1 +y? 
Finally, 
xX dx Ἧ 
Se ee . 
᾿ i+x? [arctan x] = arctan A> as X > +00, 


Differentiate with respect to x keeping y constant and then with res- 
pect to y keeping x constant. If xy < 1, 


fe) = 7 a2) pone enc} 


1 —xy} tl ay)" 

Hence 

Dt fe eee +4" 
f (x) τ ra ( +2) (l +) . 

Also 

ἀρὰ. Κα el) 8 ἘΝ 
τος ( zm (i =" ) 

Thus [αὐ] +x?) =f'(v)1 + y”) (xy <1). Hence 

f'() = -Ξ (x € R). 

Therefore f(x) =c arctan x +d (x ER). But 2(0) = f(0) and so 
ὦ Ξε. 
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If x =y, we obtain 


fe) = if = (x > 1). 


We apply this formula with f(x) = arctan x. Since arctan y > ἐπ as 
Ψ Ἐπ 


1 ᾿ς Χ 
arctan] = lim farctanx} = lim atta ( ἢ} 
χε 1- ab aa 2 


ΓΑ 
= ἀπ. 
The power series 
Se 


is easily seen to have interval of convergence (— 1, 1] (for x = 1, use 
theorem 6.13). We apply proposition 15.8. Then, for |x| <1, 


3 x? 


D iarctanx ~-x+———t... 
arctan 3 5 
-ν- 
a χ᾿ 
~ +x? 1 +x? 


—l[+x*—x7+... 


— 


It follows that 
3 5 
ae 
went = Che SS 
a 43 
But arctan 0 =O andsoC=0. 
We know from proposition 15.8 that the sum of a power series is 
continuous on its interval of convergence. Hence 


(lx| < 1). 


λη = arctan! = lim {arctan x} 
x—>1- 


[| 
a 
ie 
5 
| 
| 
+ 
"Ἢ" 
| 
——— 


6 (i) Consider the sequence (x,,) defined by 
x, = {ka t+2nn}"'. 
Then x, ~ 85 ἢ -Ὁ οὐ But 


fn) = ἐπ (ἐπ Ἐ 2ηπὴ = 1 Ὁ f(O)asn>~. 
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= (n— ΕΠ (1 — sin?x) sin" ~?x dx 


= xsint . 
os = [ἡ — ita τ fut 
; ie. nl, = (2—-1p-2 (᾿Ξ 2,3,..+). (18) 
ἢ It follows that 
4 
4 ea «Ἔα-ι εἰ ΕΞ >lasn>, 
Tone1 lanes n 
2 Use (18) of the previous question. We obtain 
: | 
(ii) We have |g(x)| < |x| and hence g(x) > 0 as x > 0 by the sandwich iy. = {π| 6} ΠΑΝ 7 = ie a oe 2n-4 
theorem. However, | ὰ 2n ἡ 2n(2n -- 2) 
Xn ἜΘΑΡΒΗΠΒΕΡ | | a ee ee Ὁ 
g(0 —x,) —g(0) | 2n(2n — 1)(2n —2)(Qn—3)...2.1 bd δὰ 
en op a 1 δὴ “Ὁ οἱ, Ἐπ ρτπὴνοι δὴ 9 
—x, | (2n)?(2n —2)?...2 
(iii) We have |h(x)| <x?, Hence Μ ci Geet dcr 
h(x) -- Κ(0) (0) 2 
= — παρ > 0 asx +0 ! ; an, — _ __2n(2n—2) 
. inet ™ 5, 488? yp 4h 1.25 -- ἡ Ὁ 
and hence h’(0) = 0 by the sandwich theorem. an + I (2n + 1)(2@n— 1) 
᾿ς, Φη25.--2)...2 I 
® Exercise 17.4 ~ (Qnt+1)(2n—1)...3 
1 We have 0 <sinx <1(0<x<4n). Hence _ ___Qny’QQn—2)...2* [ ve ei eee 
0 < sin" *!x <= sin"x = (2n + 1)(2n)(2n —1)...3.2° 0 
and therefore oj ὙΠ og enn © 2) a -Ξ 0.1.2 
= Ont DI [—cos Χ] (n+ 1)! (n =0,1,2,...). 


O< ἰδ, 3. 


To obtain the recurre lati In = ( 1) b py epee ie 
recurrence relation m/,, = (n — -αν we integrate by | 
parts. Forn > 2, ὺ rere 1) πὶ ΘΗ ἥν 1) {(2n)!}" 


= Ξ : — —“tn “a 
Tons, Ol 2° Om! 2 (ont 
a called dla ἢ 
yy gia ld ἢ 

“4Ππὸ ὙΠ Ὲ1 πα π 


7 J 
5 en +1)C , Jan pant2, an 


πὶ : 
i, ἘΞ Ϊ sin" x 
0 TT 
~> Qn +1) 


m2 rr 
- sin x.sin” Χ dx 


Ἔ 
et J C-2*>2nC™* as n > 59, 
n 


— 
= 


2 
= [—cosx.sin” x]g? + | cos x.(n — 1) sin"~*x .cos x dx 
T 


i 


By the previous question, 27C~? = 1, i.e. ΟΞ νη). 
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3 The fact that (ὦ, — (12)™) increases was demonstrated in §17.2. As in 


§ 17.2, 
2. xe 1 

d,.—dn., = f(x) = —+—+—H4+... = 
"τ ἄπει = JO) 5 ᾿ oi 
Hence 

x Ι | Ι 
dda os = Bum tee Se 

a Soe 1) lan + 125 Ὁ3 
But 

1 ε΄ Ϊ εἰ 125. + 13—12n—1 

get) 120.5.1}Ὲ} (12m + 1)(12n + 13) 


12 
~ (12n + 1)(12n + 13) 
It follows that 


1 ] 
ὌΠ ἨΝ +1 12(n Ὁ 1) +1 
εὰ (12n + 1)(12η + 13) -- 12(12n? + 12η Ὁ 3) 
3(12n + 1)(12n + 13)(2n + 1) 
The numerator is equal to 
12n(14 — 12) + (13 —36) = 24n-23>0 (n=1,2,..,) 
and therefore the sequence (d,, — (12m + 1)7') decreases. 


We know that d,, > d as n> © and therefore 


1 l 
dy ——— <d<d,-—-——— 
"2am ᾿ 12, + I 
Taking exponentials and noting that C = exp d = /(27), we obtain 
/(27).n”* 1/2 en 
a 


(= 1,2, 5.) 


ο΄ l/l2n < «“ e Τ᾿ 125Ὲ}) 
as required. 
We may deduce that 
ni(1 — ge Vll2nel)y «αἱ -- «2π)5"}}3} eo” - ΗΠ —@7 Wl2n), 
Since e* — | is approximately equal to x for small values of x (Why?), 
the maximum possible error in approximating to n! is about 
l 


ong 


Τὼ 
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When n = 100, this is small compared with n! (though, of course, it will 
be a very large number compared with those usually encountered). 


4 Consider, for0 <6 < A, the value of 


, A 

A ἐπ ἌΣ. 
ἐπ οἱ fst i 

1. e ‘dt Ε5 +I, is dt 


lI 


ue x.-A ρα, τὸ + a -t 
πὶ ἰδὲ 5*e ue te ' dt. 


Observe that A*e~“ > 0 as A> Ἔ (exponentials drown powers) and 
δ᾽ εὖ +0 85 ὃ > 0+. It follows that 


r(x) = T+ 1) 


as required. 


5 letO<a<asxsypsb<BandletO0<6< A. Then 


Fe A Se et, 
ΕΞ) or tetal<| ie yetat. (19) 


We may apply the mean value theorem and obtain 
pe-tizyni 


x—y 


= (log δ) ἐξ} (20) 


for some & between x and y. 
For anyr >0,t°" logt~Oast++eandt’ logt>Qast>O+-. It 
follows from (20) that we can find an H such that 


een eT ie 
and hence it follows from (19) that 
IT'(x) 2 ΓΟῚ <A\x —y|{T (a) Ἵν Γ(β); 


and the continuity of the gamma function then follows from the sand- 
wich theorem. 


6 We show that log (4x +4y) < } log P(x) + δ log '(y) and appeal to 


exercise 12.21(6). By the Schwarz inequality (theorem 13.25), if 
O<6<A, 


A ; ; 
i πο +¥~2)/2 οἱ i we I: ppeeiie en iad Feet te ε ΠΝ a 


: δ χοὸς ἢ Bai ot 
< {{r 6 ἢ i 6 a). 
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Thus 

᾿ ἘΣ = Ὶ «(ΓΟ ΓΟ) 
and the result follows. 


® Exercise 17.7 


1 Make the change of variable —t = log wu in the integral 


[ome tar. 


2 We use the inequality 
(vtnpn! = (vytnpl(nt+1)<lQtatl)<(at+1yPTat 1) 


= (n+ 1)"n! (21) 


established in the proof of theorem 17.6 forO<y <1 andn EW, 
Given x, we let n + 1 be the largest natural number satisfying 
n+1<x and writex=yt+n+1.ThenO<y<il. 
Consider 
Pe) 1%! +1) Vn nae 
J(20)x*x “1/2, =x JM(2m)x*x “1/2, =X V(2n)x*x wha 47% 


(n+ 1) Ἢ n ΠΣ 
(ν ἘΠῚ 1)}πὶ:Ὶ ἘΜΈ 1.5.8 —y—n-— =I 


— 


¥ : 1/2 
ἐὰν δι ὦ Ade onl οὐ ΤῊ οὐ 
~ lptnt1 iyvtautl nl 
l 
1.1. Ser = lasn>~, 


A similar argument for the left hand side of inequality (21) com- 
pletes the proof. 


3 We have 


log (1 +z)— Ι-Ὁ 27} -- ὶ 
ps pe a τ τ (rer 
z>0 Zz z7>0 22 


κι τι 
= sim, | 2 Whee} 


Consider 


Ln 
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(u + x/u)*~e -u =x//u 


Vie tae = a . 


_Vutu + xvu)* re =] == -x+/u 
hace fle -u 


fos ie le ae παν 
7 = +z : 


- ὩΣ ! = exp ἴ log +3 “να. 
Write z = χίψμ. Then 


u log ἐπ, —x/u 


x? 42 
7 log (1 +z) el 


wa as es (1 a 


72 
+>—1x?asz>0 


and the result follows. 

We use proposition 13.29 to check that the improper integral exists for 
x >0 and y > 0. The inequalities 

Sie ar ere a 

fay t<d-Ay @<t<) 


suffice for this purpose. The fact that B(x, v) is a continuous function 
of x (and of y) is proved in the same manner as exercise 17.4(5). The 
fact that its logarithm is convex is proved in the same manner as exer- 
cise 17.4(6). 


After the previous question, we need only show that f(1) = 1 and 
f(x + 1) =xf(x). Now 


f(1) = ἡ ἢ 


Also, ifO<a<B<1 

β ! 

β κα τηνθαι ας int Lane + sere (li ae 
It follows that B(x + 1,y) =xy 'B(x,y + 1). But 


-} 
Bey tl) =] ot 


ΒΑ, ἽΝ (1 -- ὃ) dt = 1. 


ἃ τὴν δε τ [᾿ς Πα τῦῦ τα --ὸ δὶ 


= Βα,»)--Βι. Ἐ1,}). 
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Hence 


Βα +1,y) = BO.) BO +1,y)} 
(i + Bix +1,y) = ~ 3(x,y) 
a ὕ}» 


x | 
Batil,y) = τι Ὁ} 


It follows that 
ΓΟ 1 4-7} . 
=! Bx + 1,y) 
ΓΟ) 
| αι ΝΡ ;) ἃ 
ὡς 
Py) xty 


Since f satisfies all the conditions of theprem 17.6, it follows that 
f(x) Ξ ΓΟ Οἱ > ΟἹ and therefore 


rere) 
Paty)’ 


f(x +1) = 


| 


B(x, y) τῶ χ (). 


5.0.3) = 


6 Take x = y = 3 in the previous question. Now 


i dy ΤΟ («ὦ 
On the other hand 


oe dt +ni2 2sin@ cos @ dé 
(2,2) J, ον {(( -- ἢ J>o sindV(—sin20) 6 


Thus Γ() =r. 
Write t = x*/2. Then 


— oo 3. =—- of ] TT 
~ U2 t-——— ina aie τὶ τὰ τὶ 1 — = 
{, 6 dx \, (2f) edt 2 rd) γε : 


Hence 


ὙΠ ΡΣ dy = 2. Jt = {21}. 


—= 00 


f= 


a - 


SUGGESTED FURTHER READING 


]. Further analysis 
J. C. Burkill and H. Burkill, A Second Course in Mathematical Analysis 
(Cambridge University Press, 1970). 
This book is notable in the clarity of its exposition but is perhaps a little old- 
fashioned in its treatment of some topics. 


W. Rudin, Principles of Mathematical Analysis (McGraw-Hill, 1964). 
This is a well-tried and popular text. The treatment is rather condensed. 


T. M. Apostol, Mathematical Analysis (Addison-Wesley, 1957). 
This is a useful text, especially in its treatment of vector methods. 


ΒΕ. V. Churchill, Complex Variables and Applications (McGraw-Hill, 1960). 

All the books above include a discussion of complex analysis (i.e. analysis 
involving the entity i = ~/— 1), but this book is a particularly easy introduction 
to the topic. 


H. L. Royden, Real Analysis (Macmillan, 1968). 

This is an excellent book. The choice of material and manner of presentation has 
been carefully considered. Its treatment of the Lebesque integral is particularly 
good. It is, however, a book which makes considerable demands on the reader. 


G. F. Simmons, /ntroduction to Topology and Modern Analysis (McGraw-Hill, 
1963). 
The title of the book describes its content. It is very well-written indeed. 


2. Logic and set theory 


E. A. Maxwell, Fallacies in Mathematics (Cambridge University Press, 1963). 
This is for entertainment purposes. But it also contains some very instructive 
examples. 


N. Ya Vilenkin, Stories about Sets (Academic Press, 1968). 
This is another entertaining book in which the paradoxes of the infinite are 
explored at length. It is highly recommended. 


P. R. Halmos, Naive Set Theory (Van Nostrand, 1960). 
This is the standard reference for elementary set theory. 
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252 Suggested further reading 


K. Kuratowski, Introduction to Set Theory and Topology (Pergamon Press, 
1972). 
This is a very good book which covers some difficult material. 


A. Margaris, First Order Mathematical Logic (Blaisdell, 1967). 
Formal mathematical logic is a fascinating and expanding field. This book is a 
good introduction. 


3. Foundations of analysis 
E. Moise, Elementary Geometry from an Advanced Standpoint (Addison-Wesley, 
1963). 
The real number system was developed largely in response to geometric needs. 
This fascinating and clearly written book describes this process and many other 
topics. 


E. Landau, Foundations of Analysis (Chelsea, 1951). 
This remains an excellent and simple account of the algebraic foundations of the 
real number system. 


NOTATION 


max, min 


(a, b), (a, 8], |a, δ) 


[α, δ], (α, ©), la, ©) 


(= ee b), {5 b| 
d(é, 5) 
x,7lasn7© 
lim χ, 


na = 
X, 7 +Pasn-o 
ag ete he ae oO 


lim sup Χῃ 
n+ 


1 
ΓΈ ἈΕΊ fle 
fos 


f(x) ΒΕ ΧΕ Τ 


᾿(Χ) πρὶ δ χττὲ- 
f(x) το ῖ͵Ί 5 Χ τ ἕ 

f(x) e+ easx7E+ 
f(x) 7las=--@& 

f ©), Df) 

o(h) 

f'®, ΚΘ 

ὃν, 6x 

ay 
dx 

df 

dy, dx 

FE +), FE —) 
S(P) 


[re ax 


[ἤρα f° fee) ax 


log x, Inx 
Θ 

exp xX 

α΄, εὖ 


3 Ay (x a’ zy" 


n=0 

sin X, COS X 
π 

tan x 


arcsin X, arccos X, arctan xX 


dyn ~ Dy, 
Tx) 
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Abel’s lemma, 170 
Abel’s theorem, 16 
absolute convergence 

of series, 60 

of power series, 144 
absolute value, 10 
analytic function, 145 
anti-derivative, 124 
arecosine function, 154 
Archimedian property, 20 
arcsine function, 144 
arctangent function, 154 
area, 13,119 
arithmetic mean, 8 


backwards induction, 23, 25 
beta function, 160 
binomial theorem, 25, 106, 149 
bounded 
above, 13 
below, 13 
function, 70 
set, 13 
bounds, 13 
Brouwer’s fixed point theorem, 89 


Cauchy mean value theorem, 104 
Cauchy—Schwarz inequality, 7, 13 
Cauchy sequence, 50 
closed interval, 17, 19 
cluster point, 52 
combination theorem 

for functions, 79 

for sequences, 30, 161 
compact interval, 17, 52 
comparison test, 58 
composite function, 68 
composition, 65 
concave functions, 114 
conditional convergence, 60 
continuity, 84 ef seq. 


ata point, 77 

on an interval, 84 
continuity property, 86 
continuous, 77 

on left, 77 

on right, 77 


continuum property, 141 ef seq. 


convergence 
of functions, 74 
of sequences, 27 
of series, 53 
convex functions, 114 
cosine function, 151 


decreasing 
function, 108 
sequence, 34 
degree 
of polynomial, 25, 67 
derivative, 91,95 
differentiable, 91 
differential, 93,95 
differentiation, 91 ef seq. 
distance 
between points, 11 
between point and set, 19 
divergent 
functions, 62 
sequences, 38 
series, 54 
domain of function, 64 


element of set, 1 

empty set, 1 

Euler—Maclaurin formula, 134 
Euler’s constant, 139 
exponential function, 140 


function, 64 ef seq. 


gamma function, 157 
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geometric mean, 23 
gradient, 91 
etaph, 64 


harmonic mean, & 
L’H6pital’s rule, 104 


image 

of point, 64 

of set, 65 
improper integral, 132 
increasing 

function, 108 

sequence, 33 
induction, 22 
inequalities, 3 
infimum, 15, 71 
infinitesimal, 94 
integer, 2 
integral, 120 
integral test, 135 
integration, 119 et seg. 

by parts, 129 


intermediate value theorem, 87 


interval, 16 

of convergence, 144 
inverse function, 68, 110 
irrational number, 2,9 


Leibniz’s rule, 97 
limit of function, 74 


of sequence, 27; inferior, 48; 


superior, 48 
limit point of set, 52 
local maximum, 100 
local minimum, 100 
logarithm function, 137 
lower bound, 14 


maximum, 15, 71 
mean value theorem, 102 
minimum, 15, 71 


Minkowski’s inequality, 8, 10 


modulus, 10 

monotone 
function, 108 
sequence, 34 


natural logarithm, 138 
natural number, 2, 20 


Newton—Raphson process, 117 


nth root test, 59, 144, 164 


open interval, 17, 19 
oscillating sequence, 39 


partial sum, 53 

partition, 120 
periodicity, 153 

point of accumulation, 52 
polynomial, 25, 66 
powers, 141 

power series, 143 ef seg. 
primitive, 124 

principle of induction, 22 


quadratic equation, 6 
radius of convergence, 144 
range 

of function, 65 

of sequence, 27 
rational function, 67 
rational number, 2 
ratio test, 59, 144, 164 
real number, 2 
Riemann integral, 128 
Rolle’s theorem, 102 
roots, 6, 112 


sandwich theorem 
for functions, 80 
for sequences, 31 
sequence, 27 
series, 53 
set, 1 
sine function, 151 
slope, 91 
stationary point, 101 
Stirling’s formula, 156, 160 


Strictly increasing or decreasing 


function, 108 
sequence, 34 
subset, 1 
sum of series, 53 
supremum, 15, 70 


tail of series, 58 

tangent function, 154 
Taylor polynomial, 97 
Taylor series, 145 

Taylor’s theorem, 105 
tends to a limit, 27, 74 
term of sequence, 27 
transcendental number, 10 


Index pie δ 


triangle inequality, 10 uniform convergence, 147 
trizonometric function, 150 unbounded 

set, 14 
upper bound, 13 function, 71 


Surfaces 


H.B. GRIFFITHS 


Professor Griffiths relates and explains toplogy in terms of everyday experience. 
Beginning with the question, ‘What do we mean by surfaces?’ he goes on to 
build up a set of definitions based on an examination of three-dimensional 
models and drawings, and only then to relate these to the more advanced formal 
mathematics. He thus provides the background for readers to inject spatial 
concepts into their mathematical thinking. The text is well illustrated with toned 
drawing which create a three-dimensional effect where appropriate and there are 
abundant exercises with hints to their solution. 


Partial Differential Equations 
E.T.COPSON “ 


‘Copson aims at both mathematicians and users of partial differential equations. 
There is, again, nothing available like this amalgam of pure theory and methods. 
it suddenly becomes clear as one reads how the various tricks fall into place as 
part of a surprisingly elegant whole... The book will form a perfect advanced 
undergraduate or early postgraduate course in mathematics or physics... There 
is a good selection of examples in each chapter.’ 

The Times Higher Education Supplement 
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